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Abstract
For an integer n >= 3, we introduce a simultaneous generalization of (n - 2)-exact
categories and n-angulated categories, referred to as one-sided n-suspended
categories. Notably, one-sided n-angulated categories are specific instances of this
structure. We establish a framework for transitioning from these generalized
categories to their n-angulated counterparts. Additionally, we present a method for
constructing n-angulated quotient categories from Frobenius n-prile categories. Our
results unify and extend the previous work of Jasso on n-exact categories, Lin on (n
+ 2)-angulated categories, and Li on one-sided suspended categories.

[1] [2] [3]

View Web of Science ResearcherID and ORCID

CZECHOSLOVAK MATHEMATICAL JOURNALarrow_drop_down

Web of Science™

Englishexpand_more apps Products

Sign In RegisterSearch

Full text at publisher Full Text Links 

Export 
expand_more

Add To Marked List

of 11

14

https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/alldb/basic-search
https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/alldb/summary/95256a87-d551-45be-aeac-de64fb5f4b9a-0134641e36/relevance/1
https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/author/record/49268556
https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/author/record/64754257
https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/author/record/32268986
javascript:void(0);
javascript:void(0);
javascript:void(0);
https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/
https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/alldb/basic-search
https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/api/gateway?GWVersion=2&SrcAuth=DynamicDOIArticle&SrcApp=UA&KeyAID=10.21136%2FCMJ.2024.0424-23&DestApp=DOI&SrcAppSID=USW2EC0E6FFY840WKFfQFg0hfYgqZ&SrcJTitle=CZECHOSLOVAK+MATHEMATICAL+JOURNAL&DestDOIRegistrantName=Institute+of+Mathematics%2C+Czech+Academy+of+Sciences


2024/12/9 下午7:20 One-sided n-suspended categories-All Databases

https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/alldb/full-record/WOS:001349483800003 2/6

Keywords
Author Keywords: triangulated category; n-angulated category; exact category; (n-2)-
exact category; right n-angulated category; one-sided n-suspended category


Author Information
Corresponding Address: Zhou, Panyue (corresponding author)

Changsha Univ Sci & Technol, Sch Hydraul Engn, 960,Sect 2,Wanjiali RD S,

Changsha 410114, Hunan, Peoples R China
E-mail Addresses :
panyuezhou@163.com
Addresses :

1  Hunan Univ Technol & Business, Sch Sci, 569 Yuelu Blvd, Changsha 410205,
Hunan, Peoples R China

2  China Foreign Affairs Univ, Sch Int Econ, 24,Zhanlan Rd, Beijing 100037,
Peoples R China

3  Changsha Univ Sci & Technol, Sch Hydraul Engn, 960,Sect 2,Wanjiali RD S,
Changsha 410114, Hunan, Peoples R China
E-mail Addresses :
panyuezhou@163.com

Categories/ Classification
Research Areas: Mathematics

Web of Science Categories
Mathematics

Funding

arrow_drop_down

arrow_drop_down

arrow_drop_down

arrow_drop_down

View funding text 
expand_more

14

https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/alldb/general-summary?queryJson=%5B%7B%22rowBoolean%22:null,%22rowField%22:%22AK%22,%22rowText%22:%22%5C%22triangulated%20category%5C%22%22%7D%5D&eventMode=oneClickSearch
https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/alldb/general-summary?queryJson=%5B%7B%22rowBoolean%22:null,%22rowField%22:%22AK%22,%22rowText%22:%22%5C%22%3Citalic%3En%3C%2Fitalic%3E-angulated%20category%5C%22%22%7D%5D&eventMode=oneClickSearch
https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/alldb/general-summary?queryJson=%5B%7B%22rowBoolean%22:null,%22rowField%22:%22AK%22,%22rowText%22:%22%5C%22exact%20category%5C%22%22%7D%5D&eventMode=oneClickSearch
https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/alldb/general-summary?queryJson=%5B%7B%22rowBoolean%22:null,%22rowField%22:%22AK%22,%22rowText%22:%22%5C%22(%3Citalic%3En%3C%2Fitalic%3E-2)-exact%20category%5C%22%22%7D%5D&eventMode=oneClickSearch
https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/alldb/general-summary?queryJson=%5B%7B%22rowBoolean%22:null,%22rowField%22:%22AK%22,%22rowText%22:%22%5C%22right%20%3Citalic%3En%3C%2Fitalic%3E-angulated%20category%5C%22%22%7D%5D&eventMode=oneClickSearch
https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/alldb/general-summary?queryJson=%5B%7B%22rowBoolean%22:null,%22rowField%22:%22AK%22,%22rowText%22:%22%5C%22one-sided%20%3Citalic%3En%3C%2Fitalic%3E-suspended%20category%5C%22%22%7D%5D&eventMode=oneClickSearch
mailto:panyuezhou@163.com
mailto:panyuezhou@163.com
https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/woscc/general-summary?queryJson=%5B%7B%22rowBoolean%22:null,%22rowField%22:%22WC%22,%22rowText%22:%22Mathematics%22%7D%5D


2024/12/9 下午7:20 One-sided n-suspended categories-All Databases

https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/alldb/full-record/WOS:001349483800003 3/6

Journal information

ISSN0011-4642

eISSN1572-9141

Current PublisherSPRINGER HEIDELBERG, TIERGARTENSTRASSE 17, D-69121 
HEIDELBERG, GERMANY

Journal Impact FactorJournal Citation Reports TM

Research AreasMathematics

Web of Science CategoriesMathematics

Journal Impact Factor ™ (2023)

Journal Citation Indicator ™ (2023)

add See more data fields

CZECHOSLOVAK MATHEMATICAL JOURNALarrow_drop_down

0.4

0.38

National Natural Science
Foundation of China (NSFC)

Natural Science Foundation of
Hunan Province

Show details

Show details

Show details

Show details

Funding agency Grant
number

Show All Details

14

https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/api/gateway?GWVersion=2&SrcAuth=IC2JCR&SrcApp=UA&KeyISSN=0011-4642&DestApp=IC2JCR&UsrSteamSID=&SrcAppSID=USW2EC0E6FFY840WKFfQFg0hfYgqZ&SrcJTitle=CZECHOSLOVAK+MATHEMATICAL+JOURNAL


2024/12/9 下午7:20 One-sided n-suspended categories-All Databases

https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/alldb/full-record/WOS:001349483800003 4/6

Citation Network

In All Databases

0 Citations

6
Cited References

How does this document's citation performance compare to peers?

Data is from InCites Benchmarking & Analytics

Use in Web of Science

0 0
Last 180 Days Since 2013

This record is from:

Web of Science Core Collection

Science Citation Index Expanded (SCI-EXPANDED)

Suggest a correction 

If you would like to improve the quality of the data in this record, please Suggest a

add_alert Create citation alert

arrow_forward View Related Records

Learn more arrow_forward

arrow_back Open comparison metrics panel New

14

javascript:void(0)
javascript:void(0)
javascript:void(0)


2024/12/9 下午7:20 One-sided n-suspended categories-All Databases

https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/alldb/full-record/WOS:001349483800003 5/6

correction

6 Cited References

arrow_forward View as set of results

Showing  6  of  6 (from All Databases)

14

javascript:void(0)
https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/alldb/summary/faa8c5e0-7516-40e0-bc4d-54901d6cace7-013464209c/author-ascending/1


2024/12/9 下午7:20 One-sided n-suspended categories-All Databases

https://webofscience-clarivate-cn-s.vpn.cumtb.edu.cn:8118/wos/alldb/full-record/WOS:001349483800003 6/6

© 2024

Clarivate

Training

Portal

Product

Support

Data

Correction

Privacy

Statement

Newsletter

Copyright

Notice

Cookie Policy

Terms of Use

管理 cookie 首选项

京ICP备20012568号    京公网安备

11010802032525号

Follow Us

  

14

https://clarivate-com.vpn.cumtb.edu.cn:8118/
https://clarivate-com-s.vpn.cumtb.edu.cn:8118/webofsciencegroup/support/wos/
https://support-clarivate-com-s.vpn.cumtb.edu.cn:8118/ScientificandAcademicResearch/s/?language=en_US
javascript:void(0)
https://clarivate-com-s.vpn.cumtb.edu.cn:8118/legal/privacy-statement/
https://discover-clarivate-com-s.vpn.cumtb.edu.cn:8118/preferencecenter_en
https://clarivate-com-s.vpn.cumtb.edu.cn:8118/legal/copyright/
https://clarivate-com-s.vpn.cumtb.edu.cn:8118/legal/cookie-policy/
https://wokinfo-com.vpn.cumtb.edu.cn:8118/terms
javascript:void(0);
https://beian-miit-gov-cn-s.vpn.cumtb.edu.cn:8118/
https://www-twitter-com-s.vpn.cumtb.edu.cn:8118/ClarivateAG
https://www-facebook-com-s.vpn.cumtb.edu.cn:8118/clarivateag


2024 Czechoslovak Mathematical Journal 33 pp

Online first

ONE-SIDED n-SUSPENDED CATEGORIES

Jing He, Changsha, Yonggang Hu, Beijing, Panyue Zhou, Changsha
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Abstract. For an integer n > 3, we introduce a simultaneous generalization of (n − 2)-
exact categories and n-angulated categories, referred to as one-sided n-suspended categories.
Notably, one-sided n-angulated categories are specific instances of this structure. We es-
tablish a framework for transitioning from these generalized categories to their n-angulated
counterparts. Additionally, we present a method for constructing n-angulated quotient cat-
egories from Frobenius n-prile categories. Our results unify and extend the previous work
of Jasso on n-exact categories, Lin on (n + 2)-angulated categories, and Li on one-sided
suspended categories.

Keywords: triangulated category; n-angulated category; exact category; (n − 2)-exact
category; right n-angulated category; one-sided n-suspended category

MSC 2020 : 18G80, 18E10

1. Introduction

Geiss, Keller, and Oppermann in [2] introduced the notion of n-angulated cate-

gories, extending the foundational framework of triangulated categories. Notably,

certain subcategories, referred to as (n − 2)-cluster tilting subcategories within tri-

angulated categories, provide concrete illustrations of n-angulated categories, see [2].

In a more recent development, Jasso in [3] introduced the concepts of (n− 2)-exact

categories and algebraic n-angulated categories. It is worth noting that algebraic

n-angulated categories, by definition, are equivalent to the stable categories of Frobe-

nius (n − 2)-exact categories, representing a natural and broader generalization of

Jing He is supported by the National Natural Science Foundation of China (Grant
No. 12401045) and by the Hunan Provincial Natural Science Foundation of China
(Grant No. 2023JJ40217). Yonggang Hu is supported by the National Natural Science
Foundation of China (Grant No. 12401049). Panyue Zhou is supported by the National
Natural Science Foundation of China (Grant No. 12371034) and by the Hunan Provincial
Natural Science Foundation of China (Grant No. 2023JJ30008)
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algebraic triangulated categories. Building upon this foundation, Lin in [5] defined

the concept of mutation pairs within n-angulated categories and provided a proof

demonstrating that when such a mutation pair exists, the corresponding quotient

category can be classified as an n-angulated category.

The main aim of this paper is to present a general framework to understand

the n-angulated quotient categories that have been discussed in [3], [5]. Drawing

inspiration from the notions of a one-sided n-angulated category introduced by Lin

(see [6]) and a one-sided suspended category by Li (see [4]), we propose the concept of

one-sided n-suspended categories, encompassing (n−2)-exact categories, n-angulated

categories, and one-sided n-angulated categories as examples.

Roughly speaking, a right n-suspended category consists of an additive category A

endowed with an additive endofunctor Σ, along with two additive subcategories X

and C of A, together with a class denoted as Rn(C,Σ) of n-Σ-sequences. These

sequences must adhere to similar axioms as those found in a right n-angulated cat-

egory, as discussed in [6]. Notably, right n-angulated categories and (n − 2)-exact

categories fall under the umbrella of right n-suspended categories. For the precise

definition of a right n-suspended category, please refer to Definition 3.1. Conversely,

a left n-suspended category is defined dually. Our first main result is as follows:

Theorem 1.1 (see Theorem 4.6 for details).

(1) If (A, Rn(C,Σ),X ) is a right n-suspended category, then the quotient cate-

gory C/X is a right n-angulated category.

(2) If (A,Ω, Ln(C),X ) is a left n-suspended category, then the quotient catego-

ry C/X is a left n-angulated category.

Let (A, R3(C,Σ),X ) be a right 3-suspended category, and (A, L3(C,Ω),X ) be

a left 3-suspended category. Li in Definition 5.1 of [4] introduced the concept of

a “prile” category (“prile” is an abbreviation of “pre”, “right” and “left”). It is rep-

resented as (A, L3(C,Ω), R3(C,Σ),X ). Based on Li’s idea, we introduce the concept

of n-prile category, see Definition 5.1.

We use our first major result to provide insights into the construction of n-an-

gulated quotient categories. This encompasses numerous existing constructions of

n-angulated quotient categories, as elucidated in Theorem 5.11 of [3] and Theorem 3.7

of [5]. To be more precise, we establish the following:

Theorem 1.2 (see Theorem 5.4 for details)). Let (A, Ln(C,Ω), Rn(C,Σ),X ) be

a Frobenius n-prile category. Then the quotient category C/X is an n-angulated

category.
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This paper is organized as follows: In Section 2, we revisit the definitions of

an (n − 2)-exact category and a right n-angulated category. In Section 3, we intro-

duce the concept of a one-sided n-suspended category and present various construc-

tions of one-sided n-suspended categories, drawing from (n−2)-exact categories and

one-sided n-angulated categories as illustrative examples. In Section 4, we provide

a comprehensive framework for transitioning from a one-sided n-suspended cate-

gory to a one-sided n-angulated category. In Section 5, we delve into the concept

of a Frobenius n-prile category, providing illustrative examples and subsequently

proving our second major result.

Conventions. Throughout this paper, we assume that n is an integer greater

than or equal to three. Let A be an additive category. When we refer to X as

a subcategory of A, it is implied that X is a full subcategory and is closed under

isomorphisms, direct sums, and direct summands.

2. Partial one-sided n-angulated categories

2.1. (n − 2)-exact categories. In this subsection, we recall some definitions of

an (n− 2)-exact category from [3].

Let A be an additive category and f : A→ B a morphism in A. A weak cokernel

of f is a morphism g : B → C such that for anyX ∈ A the sequence of abelian groups

A(C,X)
g∗

−→ A(B,X)
f∗

−→ A(A,X)

is exact. Equivalently, g is a weak cokernel of f if gf = 0 and for each morphism h :

B → X such that hf = 0 there exists a (not necessarily unique) morphism p : C → X

such that h = pg. This description can be represented in the form of the commutative

diagram below:

A
f

//

0
  ❅

❅❅
❅❅

❅❅
B

g
//

∀h

��

C

∃p
~~⑦
⑦
⑦
⑦

X

This is also referred to as the factorization property of weak cokernels. Clearly,

a weak cokernel g of f is a cokernel of f if and only if g is an epimorphism. The

concept of a weak kernel is defined dually.

Let f1 : A1 → A2 be a morphism in A. An (n− 2)-cokernel of f1 is a sequence

(f2, f3, . . . , fn) : A2
f2
−→ A3

f3
−→ . . .

fn−1

−→ An

Online first 3



such that for any B ∈ A the induced sequence of abelian groups

0 // A(An, B)
(fn−1)∗

// A(An−1, B)
(fn−2)∗

// . . .
(f1)∗

// A(A1, B)

is exact. Equivalently, the sequence (f2, f3, . . . , fn−1) is an (n − 2)-cokernel of f1
if for any 2 6 i 6 n − 2 the morphism fi is a weak cokernel of fi−1, and fn−1 is

moreover a cokernel of fn−2. In this case, we say the sequence

(2.1) A1
f1
−→ A2

f2
−→ A3

f3
−→ . . .

fn−1

−→ An

is a right (n−2)-exact. When n = 3, the concept of a 1-cokernel is exactly the classical

concept of a cokernel. We can define (n − 2)-kernel and left (n − 2)-exact sequence

dually. The sequence (2.1) is called (n− 2)-exact if it is both right (n− 2)-exact and

left (n− 2)-exact.

Let A be an additive category, A1
f1
−→ A2

f2
−→ . . .

fn−2

−→ An−1 a complex and

h1 : A1 → B1 a morphism in A. An (n − 2)-pushout diagram of (f1, f2, . . . , fn−2)

along h1 is a morphism of complexes

A1
f1

//

h1

��

A2
f2

//

h2

��

. . .
fn−3

// An−2
fn−2

//

hn−2

��

An−1

hn−1

��

B1
g1

// B2
g2

// . . .
gn−3

// Bn−2
gn−2

// Bn−1

such that the mapping cone

A1

[

−f1
h1

]

// A2 ⊕B1

[

−f2 0
h2 g1

]

// A3 ⊕B2

[

−f3 0
h3 g2

]

// . . .

. . .

[

−fn−2 0
hn−2 gn−3

]

// An−1 ⊕Bn−2
[hn−1 gn−2 ]

// Bn−1

is a right (n− 2)-exact.

Let A be an additive category. If X is a class of (n − 2)-exact sequences in A,

then we call its members X -admissible (n− 2)-exact sequences. Furthermore, if

A• := (A1
f1
−→ A2

f2
−→ A3

f3
−→ . . .

fn−1

−→ An)

is an X -admissible (n − 2)-exact sequence, we say that f1 is an X -admissible

monomorphism and that fn−1 is an X -admissible epimorphism. We simply write

“admissible” instead of “X -admissible” if the class X is clear from the context.

4 Online first



Definition 2.1 ([3], Definition 4.2). We say that a morphism ψ• : A• → B• of

(n−2)-exact sequences in an additive categoryA is a weak isomorphism if ψi and ψi+1

are isomorphisms for some i ∈ {1, 2, . . . , n} with ψn+1 := ψ1. An (n− 2)-exact

structure on A is a class X of (n − 2)-exact sequences in A, closed under weak

isomorphisms of (n− 2)-exact sequences, and which satisfies the following axioms:

(E0) The sequence 0 → 0 → . . .→ 0 → 0 is an admissible (n− 2)-exact sequence.

(E1) The class of admissible monomorphisms is closed under composition.

(E1)op The class of admissible epimorphisms is closed under composition.

(E2) For any admissible (n−2)-exact sequence A• and any morphism ϕ : A1 → B1,

there exists an (n − 2)-pushout diagram of (f1, f2, . . . , fn−2) along ϕ such

that g1 is an admissible monomorphism, that is, there exists the following

commutative diagram:

A1
f1

//

ϕ

��

A2
f2

//

h2

��
✤
✤
✤ A3

f3
//

h3

��
✤
✤
✤

. . .
fn−2

// An−1

hn−1

��
✤
✤
✤

fn−1
// An

B1
g1

// B2
g2

//❴❴❴ B3
g3

//❴❴❴ . . .
gn−2

//❴❴❴ Bn−1

(E2)op For any admissible (n − 2)-exact sequence D• and any morphism ψ :

Cn → Dn, there exists an (n − 2)-pullback diagram of (d2, d3, . . . , dn−1)

along ψ such that cn−1 is an admissible epimorphism, that is, there exists

the following commutative diagram:

C2
c2

//

e2

��
✤
✤
✤ C3

c3
//❴❴❴

e3

��
✤
✤
✤

. . .
cn−2

// Cn−1
cn−1

//

en−1

��
✤
✤
✤ Cn

ψ

��

D1
d1

// D2
d2

// D3
d3

// . . .
dn−2

// Dn−1
dn−1

// Dn

An (n − 2)-exact category is a pair (A,X ), where A is an additive category

and X is an (n− 2)-exact structure on A. If the class X is clear from the context,

we identify A with the pair (A,X ).

Let (A,X ) be an (n− 2)-exact category. An object I ∈ A is called injective if for

every admissible monomorphism f : M → N , the sequence of abelian groups

A(N, I)
f∗

−→ A(M, I) → 0

is exact. By [3], we say that (A,X ) has enough injectives if for every object M ∈ A

there exist injective objects I2, . . . , In−1 and an admissible (n− 2)-exact sequence

M → I2 → . . .→ In−1 → N.

The notion of having enough projectives is defined dually.

Online first 5



We say that an (n− 2)-exact category (A,X ) is Frobenius if it has enough injec-

tives, enough projectives, and if injective and projective objects coincide.

2.2. Right n-angulated categories. Let A be an additive category with an

endofunctor Σ : A → A. An n-Σ-sequence in A is a sequence of morphisms

A1
f1
−→ A2

f2
−→ A3

f3
−→ . . .

fn−1

−→ An
fn
−→ ΣA1.

Its left rotation is the n-Σ-sequence

A2
f2

// A3
f3

// A4
f4

// . . .
fn−1

// An
fn

// ΣA1

(−1)nΣf1
// ΣA2.

A morphism of n-Σ-sequences is a sequence of morphisms ϕ = (ϕ1, ϕ2, ϕ3, . . . , ϕn)

such that the diagram

A1
f1

//

ϕ1

��

A2
f2

//

ϕ2

��

A3
f3

//

ϕ3

��

. . .
fn−1

// An
fn

//

ϕn

��

ΣA1

Σϕ1

��

B1
g1

// B2
g2

// B3
g3

// . . .
gn−1

// Bn
gn

// ΣB1

where each row is an n-Σ-sequence, commutes. It is an isomorphism if ϕ1, ϕ2,

ϕ3, . . . , ϕn are all isomorphisms in A.

We recall the notion of a right n-angulated category from [6], Definition 2.1.

However, the condition (RN4) is slightly different from that in [6], Definition 2.1.

Definition 2.2. A right n-angulated category is a triple (A,Σ,Θ), where A is

an additive category, Σ is an endofunctor of A, and Θ is a class of n-Σ-sequences

(whose elements are called right n-angles), which satisfies the following axioms:

(RN1) (a) The class Θ is closed under isomorphisms and direct sums.

(b) For each object A ∈ A the trivial sequence

A
1A−→ A→ 0 → . . .→ 0 → ΣA

belongs to Θ.

(c) For each morphism f1 : A1 → A2 in C, there exists a right n-angle whose

first morphism is f1.

(RN2) If an n-Σ-sequence belongs to Θ, then its left rotation belongs to Θ.

(RN3) Each solid commutative diagram

A1
f1

//

ϕ1

��

A2
f2

//

ϕ2

��

A3
f3

//

ϕ3

��
✤
✤
✤

. . .
fn−1

// An
fn

//

ϕn

��
✤
✤
✤ ΣA1

Σϕ1

��

B1
g1

// B2
g2

// B3
g3

// . . .
gn−1

// Bn
gn

// ΣB1

with rows in Θ can be completed to a morphism of n-Σ-sequences.
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(RN4) Given the solid part of the diagram

A1
f1

// A2
f2

//

ϕ2

��

A3
f3

//

ϕ3

��
✤
✤
✤ A4

f4
//

ϕ4

��
✤
✤
✤

ψ4

��

✖
✔
✒

✎
✌

✡
✞

. . .
fn−2

// An−1
fn−1

//

ϕn−1

��
✤
✤
✤ An

fn
//

ϕn

��
✤
✤
✤

ψn

��

✔
✒

✎
✌

✡
✞

☎

ΣA1

A1
g1

//

f1

��

B2
g2

// B3
g3

//

θ3

��
✤
✤
✤ B4

g4
//

θ4

��
✤
✤
✤

. . .
gn−2

// Bn−1
gn−1

//

θn−1

��
✤
✤
✤ Bn

gn
//

θn

��
✤
✤
✤ ΣA1

Σf1

��

A2
ϕ2

// B2
h2

// C3
h3

// C4
h4

// . . .
hn−2

// Cn−1
hn−1

// Cn
hn

// ΣA2

with commuting squares and with rows in Θ, the dotted morphisms exist

such that each square commutes, and the n-Σ-sequence

A3

[

f3
ϕ3

]

// A4 ⊕B3

[

−f4 0

ϕ4 −g3
ψ4 θ3

]

// A5 ⊕B4 ⊕ C3

[

−f5 0 0

−ϕ5 −g4 0
ψ5 θ4 h3

]

//

A6 ⊕B5 ⊕ C4

[

−f6 0 0

ϕ6 −g5 0
ψ6 θ5 h4

]

// . . .





−fn−1 0 0

(−1)n+1ϕn−1 −gn−2 0
ψn−1 θn−2 hn−3





//

Bn ⊕ Cn−1An ⊕Bn−1 ⊕ Cn−2

[

(−1)n+2ϕn −gn−1 0
ψn θn−1 hn−2

]

//

Bn ⊕ Cn−1
[ θn hn ]

// Cn
Σf2◦hn

// ΣA3

The notion of a left n-angulated category is defined dually.

If Σ is an equivalence, and the condition in axiom (RN2) is necessary and sufficient,

then the right n-angulated category (A,Σ,Θ) is an n-angulated category in the

sense of Geiss-Keller-Oppermann (see [2], Definition 1.1) and in the sense of Bergh-

Thaule, see [1], Theorem 4.4. If (A,Σ,Θ) is a right n-angulated category, (A,Ω,Φ)

is a left n-angulated category, Ω is a quasi-inverse of Σ and Θ = Φ, then (A,Σ,Θ) is

an n-angulated category.

3. One-sided n-suspended categories

LetA be an additive category with an additive endofunctor Σ: A → A andX ⊆ C

two additive subcategories of A. A morphism f : A → B with A,B ∈ C is called

X -monic if the induced morphism

HomC(f,X ) : HomC(B,X ) → HomC(A,X )
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is an epimorphism. An X -epic is defined dually. Recall that a morphism xM :

M → XM is called a leftX -approximation ofM if xM is anX -monic andXM ∈ X .

Dually, a morphism xN : XN → N is called a right X -approximation of N if xN is

an X -epic and XN ∈ X .

A right n-Σ-sequence A1
f1
−→ A2

f2
−→ A3

f3
−→ . . .

fn−1

−→ An
fn
−→ ΣA1 in A is called

a right n-C-sequence if A3, A4, . . . , An ∈ C and fi+1 is a weak cokernel of fi for

i = 1, 2, . . . , n− 1. Dually, we can define a left n-C-sequence.

Definition 3.1. A right n-suspended category is a triple (A, Rn(C,Σ),X ),

where A is an additive category, Σ is an endofunctor of A, X ⊆ C are two additive

subcategories of A and Rn(C,Σ) is a class of right n-C-sequences, which satisfies the

following axioms:

(RSN1) (i) The class Rn(C,Σ) is closed under isomorphisms and direct sums.

(ii) For each object A ∈ C, there exists a right n-C-sequence in Rn(C,Σ)

A
x

−→ X2
x2−→ X3

x3−→ . . .
xn−2

−→ Xn−1
xn−1

−→ B
y

−→ ΣA,

where x is a left X -approximation of A and X2, X3, . . . , Xn−1 ∈ X .

(iii) If A
x

−→ X2
x2−→ X3

x3−→ . . .
xn−2

−→ Xn−1
xn−1

−→ An
y

−→ ΣA is a right

n-C-sequence in Rn(C,Σ), where x is a left X -approximation of A and

X2, X3, . . . , Xn−1 ∈ X , then for each morphism f : A → B in C, there

exists a right n-C-sequence in Rn(C,Σ)

A

[ x

f

]

−→ X2 ⊕B → C3 → . . .→ Cn−1 → Cn → ΣA.

(iv) For each morphism f : A→ B in C, there exists a right n-C-sequence in

Rn(C,Σ)

A

[

1

f

]

−→ A⊕B
[ f −1 ]
−→ B → 0 . . .→ 0

0
−→ ΣA.

(RSN2) For each commutative diagram of right n-C-sequences in Rn(C,Σ)

A1
f1

//

a

��

A2
f2

//

a2

��

A3
f3

//

a3

��

. . .
fn−2

// An−1
fn−1

//

an−1

��

An
fn

//

b

��

ΣA1

Σa

��

B
x1

// X2
x2

// X3
x3

// . . .
xn−2

// Xn−1
xn−1

// C
xn

// ΣB

with X2, X3, . . . , Xn−1 ∈ X , if a factors through f1, then b factors through

xn−1.
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(RSN3) Each solid commutative diagram

A1
f1

//

ϕ1

��

A2
f2

//

ϕ2

��

A3
f3

//

ϕ3

��
✤
✤
✤

. . .
fn−1

// An
fn

//

ϕn

��
✤
✤
✤ ΣA1

Σϕ1

��

B1
g1

// B2
g2

// B3
g3

// . . .
gn−1

// Bn
gn

// ΣB1

with rows in Rn(C,Σ) can be completed to a morphism of right n-C-

sequence.

(RSN4) Given the solid part of the diagram

A1
f1

// A2
f2

//

ϕ2

��

A3
f3

//

ϕ3

��
✤
✤
✤ A4

f4
//

ϕ4

��
✤
✤
✤

ψ4

��

✖
✔
✒

✎
✌

✡
✞

. . .
fn−2

// An−1
fn−1

//

ϕn−1

��
✤
✤
✤ An

fn
//

ϕn

��
✤
✤
✤

ψn

��

✔
✒

✎
✌

✡
✞

☎

ΣA1

A1
g1

//

f1

��

B2
g2

// B3
g3

//

θ3

��
✤
✤
✤ B4

g4
//

θ4

��
✤
✤
✤

. . .
gn−2

// Bn−1
gn−1

//

θn−1

��
✤
✤
✤ Bn

gn
//

θn

��
✤
✤
✤ ΣA1

Σf1

��

A2
ϕ2

// B2
h2

// C3
h3

// C4
h4

// . . .
hn−2

// Cn−1
hn−1

// Cn
hn

// ΣA2

with commuting squares and with rows in Rn(C,Σ), and where f1, ϕ2 are

X -monic, the dotted morphisms exist such that each square commutes,

and the sequence

A3

[

f3
ϕ3

]

// A4 ⊕B3

[

−f4 0

ϕ4 −g3
ψ4 θ3

]

// A5 ⊕B4 ⊕ C3

[

−f5 0 0

−ϕ5 −g4 0
ψ5 θ4 h3

]

//

A6 ⊕B5 ⊕ C4

[

−f6 0 0

ϕ6 −g5 0
ψ6 θ5 h4

]

// . . .





−fn−1 0 0

(−1)n−1ϕn−1 −gn−2 0
ψn−1 θn−2 hn−3





//

An ⊕Bn−1 ⊕ Cn−2

[

(−1)n+2ϕn −gn−1 0
ψn θn−1 hn−2

]

//

Bn ⊕ Cn−1
[ θn hn ]

// Cn
Σf2◦hn

// ΣA3

belongs to Rn(C,Σ), where
[

f3
ϕ3

]

is an X -monic.

Dually, let A be an additive category with an additive endofunctor Ω: A → A

and X ⊆ C two subcategories of A. We can define the notion of a left

n-suspended category (A, Ln(C,Ω),X ).

Remark 3.2. In Definition 3.1, when n = 3, it is just Definition 3.1 in [4].
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We now present constructions of one-sided n-suspended categories by (n−2)-exact

categories and one-sided n-angulated categories.

3.1. From (n− 2)-exact categories to one-sided n-suspended categories.

First, we present the first construction method of one-sided n-suspended categories

by (n− 2)-exact categories.

Proposition 3.3.

(1) Let (A,E ) be an (n − 2)-exact category. Then (A, Rn(A, 0),A) is a right

n-suspended category, where Rn(A, 0) = {A1 → A2 → A3 → . . . An−1 →

An → 0 | A1 → A2 → A3 → . . . An−1 → An ∈ E }.

(2) Let (A,E ) be an (n − 2)-exact category. Then (A, Ln(A, 0),A) is a left

n-suspended category, where Ln(A, 0) = {0 → A1 → A2 → A3 → . . . An−1 →

An | A1 → A2 → A3 → . . . An−1 → An ∈ E }.

(3) Let (A,E ) be an (n − 2)-exact category with enough injectives I . Then

(A, Rn(A, 0),I ) is a right n-suspended category, where Rn(A, 0) = {A1 →

A2 → A3 → . . . An−1 → An → 0 | A1 → A2 → A3 → . . . An−1 → An ∈ E }.

(4) Let (A,E ) be an (n − 2)-exact category with enough projectives P. Then

(A, Ln(A, 0),P) is a left n-suspended category, where Ln(A, 0) = {0 → A1 →

A2 → A3 → . . . An−1 → An | A1 → A2 → A3 → . . . An−1 → An ∈ E }.

P r o o f. (1) By [3], Propositions 4.6 and 4.12, (RSN1) (i) is satisfied. Axioms

(RSN1) (ii), (iv) are trivial. Let

A
x

−→ X2
x2−→ X3

x3−→ . . .
xn−2

−→ Xn−1
xn−1

−→ An → 0

be a right n-A-sequence in Rn(A, 0), where x is a left X -approximation of A and

X2, X3, . . . , Xn−1 ∈ X . Then there is a right n-A-sequence A
−x
−→ X2

x2−→ X3
x3−→

. . .
xn−2

−→ Xn−1
xn−1

−→ An → 0. Let f : A→ B be a morphism. Since

A
−x
−→ X2

x2−→ X3
x3−→ . . .

xn−2

−→ Xn−1
xn−1

−→ An

is an admissible (n − 2)-exact sequence, by (E2) we get the pushout diagram of

(−x, x2, . . . , xn−2) along f :

A
−x

//

f

��

X2
x2

//

f2

��

X3
x3

//

f3

��

. . .
xn−2

// Xn−1

fn−1

��

xn−1
// An

B
g1

// B2
g2

// B3
g3

// . . .
gn−2

// Bn−1
gn−1

// An
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By Proposition 4.8 (2) of [3], we know that the mapping cone of pushout diagram

A

[ x

f

]

// X2 ⊕B

[

−x2 0

f2 g1

]

// X3 ⊕B2

[

−x3 0

f3 g2

]

// X4 ⊕B3 −→ . . .

. . . −→ Xn−1 ⊕Bn−2
[ fn−1 gn−2 ]

// Bn−1

is an admissible (n − 2)-exact sequence. Thus, we have a right n-A-sequence

in Rn(A, 0)

A

[ x

f

]

// X2 ⊕B

[

−x2 0

f2 g1

]

// X3 ⊕B2

[

−x3 0

f3 g2

]

// X4 ⊕B3 −→ . . .

. . . −→ Xn−1 ⊕Bn−2
[ fn−1 gn−2 ]

// Bn−1 −→ 0

(RSN3) is trivially satisfied. Next we show that (RSN2) holds.

For each commutative diagram of right n-A-sequences

A1
f1

//

a

��

A2
f2

//

a2

��

A3
f3

//

a3

��

. . .
fn−2

// An−1
fn−1

//

an−1

��

An //

b

��

0

B
x1

// X2
x2

// X3
x3

// . . .
xn−2

// Xn−1
xn−1

// C // 0

with X2, X3, . . . , Xn−1 ∈ A, assume that a factors through f1, that is, there exists

a morphism u2 : A2 → B such that a = u2f1. It follows that (a2 − x1u2)f1 =

a2f1 − x1a = 0. Since f2 is a weak cokernel of f1, there exists a morphism u3 :

A3 → X2 such that a2−x1u2 = u3f2. Thus, we have (a3−x2u3)f2 = a3f2−x2a2 = 0.

Since f3 is a weak cokernel of f2, there exists a morphism u4 : A4 → X3 such that

a3−x2u3 = u4f3. Continuing this process, there exists a morphism un : An → Xn−1

such that an−1 − xn−2un−1 = unfn−1. It follows that bfn−1 = xn−1an−1 =

xn−1(xn−2un−1 − unf1) = xn−1unfn−1. Since fn−1 is an epimorphism, we have

b = xn−1un. This shows that b factors through xn−1.

Next we show that (RSN4) holds. Let the solid part of the diagram

A1
f1

// A2
f2

//

ϕ2

��

A3
f3

// A4
f4

// . . .
fn−2

// An−1
fn−1

// An // 0

A1
g1

//

f1

��

B2
g2

// B3
g3

// B4
g4

// . . .
gn−2

// Bn−1
gn−1

// Bn // 0

��

A2
ϕ2

// B2
h2

// C3
h3

// C4
h4

// . . .
hn−2

// Cn−1
hn−1

// Cn // 0
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with commuting squares and with rows in Rn(A, 0), and f1, ϕ2 being A-monic,

be given. By the factorization property of weak cokernels, there exist morphisms

ϕi : Ai → Bi (i = 3, 4, . . . , n) such that we have the following commutative diagram

of (n− 2)-exact sequences:

A1
f1

// A2
f2

//

ϕ2

��

A3
f3

//

ϕ3

��
✤
✤
✤

. . .
fn−2

// An−1
fn−1

//

ϕn−1

��
✤
✤
✤ An

ϕn

��
✤
✤
✤

A1
g1

// B2
g2

// B3
g3

// . . .
gn−2

// Bn−1
gn−1

// Bn

By [3], Proposition 4.8, we have that

A2

[

−f2
ϕ2

]

// A3 ⊕B2

[

−f3 0

ϕ3 g2

]

// A4 ⊕B3

[

−f4 0

ϕ4 g3

]

// . . .

. . .

[

−fn−1 0

ϕn−1 gn−2

]

// An ⊕Bn−1
[ϕn gn−1 ]

// Bn

is an (n − 2)-exact sequence. By the factorization property of weak cokernels there

exist morphisms ψi : Ai → Ci−1 (i = 4, 5, . . . , n) and θj : Bj → Cj (j = 3, 4, . . . , n)

such that the following diagram is commutative:

A2

[

−f2
ϕ2

]

// A3 ⊕B2

[

−f3 0

ϕ3 g2

]

// A4 ⊕B3

[

−f4 0

ϕ4 g3

]

//

≃

[

−1 0

0 1

]

��

. . .

A2

[

−f2
ϕ2

]

// A3 ⊕B2

[

f3 0

ϕ3 g2

]

//

[0 1]

��

A4 ⊕B3

[

f4 0

−ϕ4 g3

]

//

[ψ4 θ3 ]

��
✤
✤
✤
✤

. . .

A2
ϕ2

// B2
h2

// C3
h3

// . . .

. . .

[

−fn−1 0

ϕn−1 gn−2

]

// An ⊕Bn−1
[ϕn gn−1 ]

//

≃

[

(−1)n+1 0
0 1

]

��

Bn

. . .

[

fn−1 0
(−1)nϕn−1 gn−2

]

// An ⊕Bn−1

[ (−1)n+1ϕn gn−1 ]
//

[ψn θn−1 ]

��
✤
✤
✤
✤ Bn

θn

��
✤
✤
✤
✤

. . .
hn−2

// Cn−1
hn−1

// Cn
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where the second row is an (n− 2)-exact sequence since it is isomorphic to the first

row. By [3], Proposition 4.8, we have that

(3.1)

A3 ⊕B2

[

−f3 0

−ϕ3 −g2
0 1

]

// A4 ⊕B3 ⊕B2

[

−f4 0 0

ϕ4 −g3 0
ψ4 θ3 h2

]

// A5 ⊕B4 ⊕ C3

[

−f5 0 0

ϕ5 −g4 0
ψ5 θ4 h3

]

// . . .

. . .





−fn−1 0 0

(−1)n+1ϕn−1 −gn−2 0
ψn−1 θn−2 hn−3





// An ⊕Bn−1 ⊕ Cn−2

[

(−1)n+2ϕn −gn−1 0
ψn θn−1 hn−2

]

//

Bn ⊕ Cn−1
[ θn hn ]

// Cn

is an (n− 2)-exact sequence. The commutative diagram

A3

[

f3
ϕ3

]

//

[

−1

0

]

��

A4 ⊕B3





−f4 0

ϕ4 −g3
ψ4 θ3





//

[ 1 0

0 1

0 0

]

��

A5 ⊕B4 ⊕ C3
// . . .

A3 ⊕B2

[

−f3 0

−ϕ3 −g2
0 1

]

//

[−1 0 ]

��

A4 ⊕B3 ⊕B2

[

1 0 0

0 1 g2

]

��





−f4 0 0

ϕ4 −g3 0

ψ4 θ3 h2





// A5 ⊕B4 ⊕ C3
// . . .

A3

[

f3
ϕ3

]

// A4 ⊕B3





−f4 0

ϕ4 −g3
ψ4 θ3





// A5 ⊕B4 ⊕ C3
// . . .

shows that

A3

[

−f3
ϕ3

]

// A4 ⊕B3

[

−f4 0

−ϕ4 −g3
ψ4 θ3

]

// A5 ⊕B4 ⊕ C3

[

−f5 0 0

ϕ5 −g4 0
ψ5 θ4 h4

]

// . . .

. . .





−fn−1 0 0

(−1)n+1ϕn−1 −gn−2 0
ψn−1 θn−2 hn−3





// An ⊕Bn−1 ⊕ Cn−2

[

(−1)n+2ϕn −gn−1 0
ψn θn−1 hn−2

]

//

Bn ⊕ Cn−1
[θn hn−1]

// Cn

is a direct summand of (3.1), thus, it is an (n− 2)-exact sequence.

Finally, we claim that
[

f3
ϕ3

]

is an A-monic. Indeed, for any morphism u : A3 → X

with X ∈ A, since ϕ2 is an A-monic, there exists a morphism v : B2 → X such that

vϕ2 = uf2. It follows that vg1 = vϕ2f1 = uf2f1=0. So there exists a morphism
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w : B3 → X such that v = wg2. Noting that (u−wϕ3)f2 = vϕ2 −wg2ϕ2 = 0, there

exists a morphism w′ : A4 → X such that u−wϕ2 = w′f3 and then u = [w′ w ]
[

f3
ϕ3

]

.

This shows that
[

f3
ϕ3

]

is an A-monic.

(2) It is dual of (1).

(3) It is similar to (1).

(4) It is similar to (2). �

Next, we provide more general construction method by some special subcategories

of (n− 2)-exact categories.

Let C be an additive category and Rn(C, 0) the class of right (n−2)-exact sequences

A1
f1
−→ A2

f2
−→ A3

f3
−→ . . .

fn−1

−→ An → 0 in C.

The following lemma can be found in [6].

Lemma 3.4 ([6], Lemma 2.8). Let

A1
f1

// A2
f2

//

h2

��

A3
f3

//

h3

��

. . .
fn−2

// An−1
fn−1

//

hn−1

��

An

hn

��

// 0

A1
g1

// B2
g2

// B3
g3

// . . .
gn−2

// Bn−1
gn−1

// Bn // 0

be a commutative diagram of right (n− 2)-exact sequences in C. Then

A2
f2

//

h2

��

A3
f3

//

h3

��

. . .
fn−2

// An−1
fn−1

//

hn−1

��

An

hn

��

B2
g1

// B3
g2

// . . .
gn−2

// Bn−1
gn−1

// Bn

is an (n− 2)-pushout diagram, that is,

A2

[

−f2
h2

]

// A3 ⊕B2

[

−f3 0
h3 g2

]

// A4 ⊕B3

[

−f4 0
h4 g3

]

// . . .

. . .

[

−fn−1 0
hn−1 gn−2

]

// An ⊕Bn−1
[hn gn−1 ]

// Bn // 0

is a right (n− 2)-exact sequence in C.

14 Online first



Proposition 3.5. Let X be an additive subcategory of C. Assume that the

following conditions hold:

(a) For each object A ∈ C, there exists a sequence

A
x

−→ X2
x2−→ X3

x3−→ . . .
xn−2

−→ Xn−1
xn−1

−→ C → 0

in Rn(C, 0), where x is a leftX -approximation of A andX2, X3, . . . , Xn−1 ∈ X .

(b) If A
x

−→ X2
x2−→ X3

x3−→ . . .
xn−2

−→ Xn−1
xn−1

−→ C → 0 is in Rn(C, 0), where x is

a left X -approximation of A and X2, X3, . . . , Xn−1 ∈ X , then for each mor-

phism f : A→ B in C, there exists a sequence

A

[ x

f

]

−→ X2 ⊕B → C3 → . . .→ Cn−1 → Cn → 0

in Rn(C, 0).

Then (C, Rn(C, 0),X ) is a right n-suspended category.

P r o o f. (RSN1) is trivially satisfied. (RSN2) is similar to the proof of Propo-

sition 3.3 (1). (RSN3) follows from the universal property of n-cokernels. (RSN4)

comes from Lemma 3.4 and the proof of Proposition 3.3 (1). �

Dually, let C be an additive category and Ln(C, 0) the class of left (n − 2)-exact

sequences

0 → A1
f1
−→ A2

f2
−→ A3

f3
−→ . . .

fn−1

−→ An

in C. We have the following.

Proposition 3.6. Let X be an additive subcategory of C. Suppose the following

conditions hold:

(a) For each object A ∈ C, there exists a sequence

0 → C
y1
−→ Y2

y2
−→ Y3

y3
−→ . . .

yn−2

−→ Yn−1
y

−→ A

in Ln(C, 0), where y is a rightX -approximation of A and Y2, Y3, . . . , Yn−1 ∈ X .

(b) If 0 → C
y1
−→ Y2

y2
−→ Y3

y3
−→ . . .

yn−2

−→ Yn−1
y

−→ A is in Ln(C, 0), where y

is a right X -approximation of A and Y2, Y3, . . . , Yn−1 ∈ X , then for each

morphism f : B → A in C, there exists a sequence

0 → C1 → C2 → C3 → . . .→ Cn−2 → B ⊕ Yn−1
[ f y ]
−→ A

in Rn(C).

Then (C, Ln(C, 0),X ) is a left n-suspended category.
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Definition 3.7. Let (A,E ) be an (n−2)-exact category andX ⊆ C two additive

subcategories ofA. The subcategory C is called a specialX -monic closed subcategory

if it satisfies the following conditions:

(a) For each object A ∈ C, there exists an admissible (n− 2)-exact sequence

A
x

−→ X2
x2−→ X3

x3−→ . . .
xn−2

−→ Xn−1
xn−1

−→ C,

where x is a left X -approximation of A, X2, X3, . . . , Xn−1 ∈ X and C ∈ C.

(b) If A
x

−→ X2
x2−→ X3

x3−→ . . .
xn−2

−→ Xn−1
xn−1

−→ C is an admissible (n − 2)-

exact sequence in C, where x is a left X -approximation of A and X2, X3, . . .,

Xn−1 ∈ X , then for each morphism f : A→ B in C, there exists an admissible

(n− 2)-exact sequence

A

[ x

f

]

−→ X2 ⊕B → C3 → . . .→ Cn−1 → Cn,

where C3, C4, . . . , Cn ∈ C.

Dually, we can define the notion of a special X -epic closed additive subcategory

of A.

Proposition 3.8. Let (A,E ) be an (n−2)-exact category andX ⊆ C two additive

subcategories of A.

(1) If C is special X -monic closed, then (A, Rn(C, 0),X ) is a right n-angulated

category, where

Rn(C, 0) = {A
f

−→ B → C3 → . . .→ Cn → 0:

A
f

−→ B → C3 → . . .→ Cn ∈ E and C3, . . . , Cn ∈ C}.

(2) If C is special X -epic closed, then (A, Ln(C, 0),X ) is a left n-angulated cate-

gory, where

Ln(C, 0) = {0 → C1 → . . .→ Cn−2 → B
f

−→ A :

C1 → . . .→ Cn−2 → B
f

−→ A ∈ E and C1, . . . , Cn−2 ∈ C}.

P r o o f. Using similar arguments as in the proof of Proposition 3.5, we can show

that statement (1) holds by using Proposition 4.8 of [3]. Statement (2) can be showed

dually. �

Remark 3.9. If one takes C = A and X = A, then Proposition 3.8 is just

Propositions 3.3 (1) and 3.3 (2). If one takes C = A with enough injectives or projec-

tives and X = P or I , then Proposition 3.8 is just Propositions 3.3 (3) and 3.3 (4).
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3.2. From one-sided n-angulated categories to one-sided n-suspended

categories. In this section, we construct right n-suspended categories via right

n-angulated categories.

Definition 3.10. Let (A,Σ,Θ) be a right n-angulated category and X ⊆ C two

additive subcategories of A. The subcategory C is called special X -monic closed if

it satisfies the following conditions:

(a) For each object A ∈ C, there exists a right n-angle

A
x

−→ X2
x2−→ X3

x3−→ . . .
xn−2

−→ Xn−1
xn−1

−→ C
xn−→ ΣA,

where x is a left X -approximation of A, X2, X3, . . . , Xn−1 ∈ X and C ∈ C.

(b) If A
x

−→ X2
x2−→ X3

x3−→ . . .
xn−2

−→ Xn−1
xn−1

−→ C
xn−→ ΣA is a right n-angle in C,

where x is a left X -approximation of A and X2, X3, . . . , Xn−1 ∈ X , then for

each morphism f : A→ B in C, there exists a right n-angle

A

[ x

f

]

−→ X2 ⊕B → C3 → . . .→ Cn−1 → Cn → ΣA,

where C3, C4, . . . , Cn ∈ C.

(c) If A
x

−→ X2
x2−→ X3

x3−→ . . .
xn−2

−→ Xn−1
xn−1

−→ C
xn−→ ΣA is a right n-angle, where

X2, X3, . . . , Xn−1 ∈ X and C ∈ C, then xn−1 is a weak kernel of xn.

Dually, we can define the notion of a special X -epic closed additive subcategory

of A.

Remark 3.11. Let (A,Σ,Θ) be a right n-angulated category. Clearly, A is

special X -monic closed whenever X = 0.

Proposition 3.12. Let (A,Σ,Θ) be a right n-angulated category andX ⊆ C two

additive subcategories of A. If C is special X -monic closed, then (A, Rn(C,Σ),X )

is a right n-suspended category, where

Rn(C,Σ) = {A
f

−→ B → C3 → . . .→ Cn → ΣA ∈ Θ: C3, . . . , Cn ∈ C}.

P r o o f. (RSN1) is trivially satisfied.

(RSN2) For each commutative diagram of right n-C-sequences in Rn(C,Σ)

A1
f1

//

a

��

A2
f2

//

a2

��

A3
f3

//

a3

��

. . .
fn−2

// An−1
fn−1

//

an−1

��

An
fn

//

b

��

ΣA1

Σa

��

B
x1

// X2
x2

// X3
x3

// . . .
xn−2

// Xn−1
xn−1

// C
xn

// ΣB
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with X2, X3, . . . , Xn−1 ∈ X , assume that a factors through f1, that is, there exists

a morphism u : A2 → B such that a = uf1. It follows that xnb = Σa ◦ fn =

Σu ◦ (Σf1 ◦ fn) = 0. Since xn−1 is a weak kernel of xn, there exists a morphism

v : An → xn−1 such that b = xn−1v. This shows that b factors through xn−1.

(RSN3) follows from (RN3).

(RSN4) follows using similar arguments as in the proof of Proposition 3.3 (1). �

Dually, we have the following.

Proposition 3.13. Let (A,Ω,Φ) be a left n-angulated category and X ⊆ C two

additive subcategories of A. If C is special X -epic closed, then (A, Ln(C,Ω),X ) is

a left n-suspended category, where

Ln(C,Ω) = {ΩB → C1 → . . .→ Cn−2 → B
f

−→ A ∈ Φ: C1, . . . , Cn−2 ∈ C}.

Consequently, by Remark 3.11, Propositions 3.12–3.13, we obtain the next result.

Corollary 3.14.

(1) If (A,Σ,Θ) is a right n-angulated category, then (A, Rn(A,Σ) = Θ, 0) is a right

n-suspended category.

(2) If (A,Ω,Φ) is a left n-angulated category, then (A, Ln(A,Ω) = Φ, 0) is a left

n-suspended category.

Let (A,Σ,Θ) be an n-angulated category and X a subcategory of A. Recall

that X is called extension closed (see [5], Definition 3.6) if for each morphism xn :

Xn → ΣX1 with X1, Xn ∈ X , there exists an n-angle

X1
x1−→ X2

x2−→ X3
x3−→ . . .

xn−2

−→ Xn−1
xn−1

−→ Xn
xn−→ ΣX1

with X2, X3, . . . , Xn−1 ∈ X .

Lemma 3.15. Let (A,Σ,Θ) be an n-angulated category andX ⊆ C two additive

subcategories of A.

(1) If C is extension closed and for any A ∈ C, there exists a right n-angle

A
x

−→ X2
x2−→ X3

x3−→ . . .
xn−2

−→ Xn−1
xn−1

−→ C
xn−→ ΣA,

where x is a left X -approximation of A, X2, X3, . . . , Xn−1 ∈ X and C ∈ C,

then C is special X -monic closed.

(2) If C is extension closed and for any A ∈ C, there exists a right n-angle

D
x′

−→ X ′
2

x2−→ X ′
3

x′

3−→ . . .
x′

n−2

−→ X ′
n−1

x′

n−1

−→ A
x′

n−→ ΣD,

where x′n is a right X -approximation of A, X ′
2, X

′
3, . . . , X

′
n−1 ∈ X and D ∈ C,

then C is special X -epic closed.
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P r o o f. (1) It suffices to show that Definition 3.10 (b) holds. Assume that A
x

−→

X2
x2−→ X3

x3−→ . . .
xn−2

−→ Xn−1
xn−1

−→ C
xn−→ ΣA is a right n-angle in C, where x is a left

X -approximation of A and X2, X3, . . . , Xn−1 ∈ X . Then there is a right n-angle

A
−x
−→ X2

x2−→ X3
x3−→ . . .

xn−2

−→ Xn−1
xn−1

−→ C
−xn−→ ΣA in C.

Let f : A → B be a morphism. For the morphism C
dn:=Σf◦xn

// ΣB with

B,C ∈ C, since C is extension closed, there exists an n-angle

B
d1−→ D2

d2−→ D3
d3−→ . . .

dn−2

−→ Dn−1
dn−1

−→ C
dn−→ ΣB

with D2, D3, . . . , Dn−1 ∈ C. Consider the commutative diagram

Σ−1C
x0

// A
−x

//

f

��

X2
x2

// X3
x3

// . . .
xn−2

// Xn−1
−xn−1

// C

Σ−1C
d0

// B
d1

// D2
d2

// D3
d3

// . . .
dn−2

// Dn−1
dn−1

// C

where x0 = (−1)nΣ−1xn and d0 = (−1)nΣ−1dn. By [2], Lemma 4.1, there exist

ϕ2, ϕ3, . . . , ϕn−1 which give the commutative diagram of n-angles

Σ−1C
x0

// A
−x

//

f

��

X2
x2

//

ϕ2

��
✤

✤ X3
x3

//

ϕ3

��
✤

✤
. . .

xn−2
// Xn−1

−xn−1
//

ϕn−1

��
✤

✤ C

Σ−1C
d0

// B
d1

// D2
d2

// D3
d3

// . . .
dn−2

// Dn−1
dn−1

// C

and the sequence

A

[ x

f

]

−→ X2 ⊕B → X3 ⊕ C2 → . . .→ Xn−1 ⊕Dn−2 → Dn−1 → ΣA

is an n-angle. We observe that X3⊕C2, . . . , Xn−1⊕Dn−2, Dn−1 ∈ C. This completes

the proof.

(2) It is the dual of (1). �

Example 3.16. Let (A,Σ,Θ) be an n-angulated category andX ⊆ C two addi-

tive subcategories of A. If (C, C) is an X -mutation pair in the sense of Definition 3.1

in [5], that is, for any object A ∈ C or B ∈ C, there exists an n-angle

A
x1−→ X2

x2−→ X3
x3−→ . . .

xn−2

−→ Xn−1
xn−1

−→ B
xn−→ ΣA,

where x1 is a leftX -approximation of A and xn−1 is a rightX -approximation of B,

X2, X3, . . . , Xn−1 ∈ X . Moreover, if C is extension closed, by Lemma 3.15, then

we have that C is special X -monic closed and C is special X -epic closed. Thus,

(A, Rn(C,Σ),X ) is a right n-suspended category and (A, Ln(C,Σ
−1),X ) is a left

n-suspended category, where Rn(C,Σ) and Ln(C,Σ
−1) are constructed in Proposi-

tions 3.12 and 3.13.
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4. From one-sided n-suspended categories to one-sided n-angulated

categories

In this section, we fix a right n-suspended category (A, Rn(C,Σ),X ) and construct

the right n-angulated category on the quotient category C/X .

In order to prove our main theorem of this section, we need to prepare as follows.

Lemma 4.1. Let

A1
f1

//

α1

��

A2
f2

//

α2

��

A3
f3

//

α3

��

. . .
fn−2

// An−1
fn−1

//

αn−1

��

An
fn

//

αn

��

ΣA1

Σα1

��

A
d1

// X2
d2

// X3
d3

// . . .
dn−2

// Xn−1
dn−1

// B
dn

// ΣA

be morphisms of right n-C-sequences, where X2, X3, . . . , Xn−1 ∈ X and f1 is an

X -monic. If α1 = 0, then αn = 0 in the quotient category C/X .

P r o o f. By the condition α1 = 0, there exist X ∈ X , x1 : A1 → X and x2 :

X → A such that α1 = x2x1. Since X ∈ X and f1 is X -monic, there exists

x3 : A2 → X such that x3f1 = x1. It follows that α1 = x2x1 = x2x3f1, that

is, α1 factors through f1. By (RSN2), αn factors though dn−1, which implies αn = 0.

�

Lemma 4.2. Let A
d1−→ X2

d2−→ X3
d3−→ . . .

dn−2

−→ Xn−1
dn−1

−→ Y
dn−→ ΣA and A

d′1−→

X ′
2

d2−→ X ′
3

d′3−→ . . .
d′n−2

−→ X ′
n−1

d′n−1

−→ Y ′
d′n−→ ΣA be right C-n-angles in Rn(C,Σ), where

X2, X3, . . . , Xn−1, X
′
2, X

′
3, . . . , X

′
n−1 ∈ X and d1, d

′
1 are left X -approximations.

Then Y and Y ′ are isomorphic in C/X .

P r o o f. Since d1, d
′
1 are left X -approximations, we have the following commu-

tative diagram:

A
d1

// X1
d2

//

α1

��

X2
d3

//

α2

��

. . .
dn−2

// Xn−1
dn−1

//

αn−1

��

Y
dn

//

αn

��

ΣA

A
d′1

// X ′
1

d′2
//

α′

1

��

X ′
2

d′3
//

α′

2

��

. . .
d′n−2

// X ′
n−1

d′n−1
//

α′

n−1

��

Y ′
d′n

//

α′

n

��

ΣA

A
d1

// X1
d2

// X2
d3

// . . .
dn−2

// Xn−1
dn−1

// Y
dn

// ΣA

By Lemma 4.1, we have α′
n ◦αn = IdY . Similarly, we can prove that αn ◦α

′
n = IdY ′ .

Therefore, Y and Y ′ are isomorphic in C/X . �
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Let (A, Rn(C,Σ),X ) be a right n-suspended category. For any object A ∈ C,

by (RSN1) (ii), there exists a right n-C-sequence

A
f1
−→ X2

f2
−→ X3

f3
−→ . . .→ Xn−1

fn−1

−→ C
fn
−→ ΣA1

in Rn(C,Σ), where f1 is a left X -approximation of A and X2, X3, . . . , Xn−1 ∈ X .

By Lemma 4.2, C is unique up to isomorphism in the quotient category C/X . So

for any A ∈ C, we fix a right C-n-sequence as above.

For any morphism f ∈ C(A,B), there exist ϕi (i = 2, 3, . . . , n − 1) and h which

make the following diagram commutative:

(4.1) A
f1

//

f

��

X2
f2

//

ϕ2

��

X3
f3

//

ϕ3

��

. . .
fn−2

// Xn−1
fn−1

//

ϕn−1

��

C
fn

//

h

��

ΣA1

Σf

��

B
g1

// X ′
2

g2
// X ′

3

g3
// . . .

gn−2
// X ′

n−1

gn−1
// D

gn
// ΣB1

We define a functor G : C/X −→ C/X as follows:

G : C/X → C/X , A 7→ C, f 7→ h.

Proposition 4.3. G : C/X → C/X is an additive functor.

P r o o f. One can easily check thatG satisfies the definition of the additive functor.

We only prove that G is well-defined. Now we assume f, f ′ ∈ C(A,B), f = f ′. Then

we have the commutative diagram (4.1) and the following commutative diagram,

where the rows are right C-n-sequences:

A
f1

//

f ′

��

X2
f2

//

ϕ′

2

��

X3
f3

//

ϕ′

3

��

. . .
fn−2

// Xn−1
fn−1

//

ϕ′

n−1

��

C
fn

//

h′

��

ΣA1

Σf ′

��

B
g1

// X ′
2

g2
// X ′

3

g3
// . . .

gn−2
// X ′

n−1

gn−1
// D

gn
// ΣB1

Since f − f ′ = f − f ′ = 0, by Lemma 4.1, we have h− h′ = 0 and then h = h′. This

shows that G is well-defined. �

Construction 4.4. Assume that A1
f1
−→ A2

f2
−→ A3

f3
−→ . . . →

fn−1

−→ An
fn
−→ ΣA1

is a right n-C-sequence in Rn(C,Σ), where f1 is an X -monic. Thus, we have the

following commutative diagram:

A1
f1

// A2
f2

//

ϕ2

��

A3
f3

//

ϕ3

��

. . .
fn−2

// An−1
fn−1

//

ϕn−1

��

An
fn

//

h

��

ΣA1

A1
α1

// X2
α2

// X3
α3

// . . .
αn−2

// Xn−1
αn−1

// GA1
αn

// ΣA1

Online first 21



Then we have the following n-G-sequence in the quotient category C/X :

(4.2) A1

f1
// A2

f2
// A3

f3
// . . .

fn−1

// An
h

// GA1.

We define the standard right n-angles in C/X as complexes which are isomorphic

to (4.2). We use Θ′ to denote the class of standard right n-angles in C/X .

Dually, if (A, Ln(C,Ω),Y ) is a left n-suspended category, we can construct an

additive endofunctor H : C/Y → C/Y , and define the corresponding standard left

n-angles. We use Φ′ to denote the class of standard left n-angles in C/Y .

Lemma 4.5. Assume that we have a commutative diagram

A1
f1

//

ϕ1

��

A2
f2

//

ϕ2

��

A3
f3

//

ϕ3

��

. . .
fn−1

// An
fn

//

ϕn

��

ΣA1

Σϕ1

��

B1
g1

// B2
g2

// B3
g3

// . . .
gn−1

// Bn
gn

// ΣB1

where the rows are right n-C-sequences in Rn(C,Σ) and f1, g1 are X -monic. Then

we have the commutative diagram

A1

f1
//

ϕ1

��

A2

f2
//

ϕ2

��

A3

f3
//

ϕ3

��

. . .
fn−1

// An
αn

//

ϕn

��

GA1

Gϕ1

��

B1

g1
// B2

g2
// B3

g3
// . . .

gn−1

// Bn
βn

// GB1

where the rows are standard right n-angles in C/X .

P r o o f. Consider the following commutative diagrams, where all three rows in

both diagrams are right n-C-sequences in Rn(C,Σ), and Gϕ1 = θ1:

A1
f1

// A2
f2

//

α2

��

A3
f3

//

α3

��

. . .
fn−2

// An−1
fn−1

//

αn−1

��

An
fn

//

αn

��

ΣA1

A1
d1

//

ϕ1

��

X2
d2

//

α′

1

��

X3
d3

//

α′

2

��

. . .
dn−2

// Xn−1
dn−1

//

α′

n−2

��

GA1
dn

//

θ1

��

ΣA1

Σϕ1

��

B1

d′1
// X ′

2

d′2
// X ′

3

d′3
// . . .

d′n−2
// X ′

n−1

d′n−1
// GB1

d′n
// ΣB1
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and

A1
f1

//

ϕ1

��

A2
f2

//

ϕ2

��

A3
f3

//

ϕ3

��

. . .
fn−2

// An−1
fn−1

//

ϕn−1

��

An
fn

//

ϕn

��

ΣA1

Σϕ1

��

B1
g1

// B2
g2

//

β2

��

B3
g3

//

β3

��

. . .
gn−2

// Bn−1
gn−1

//

βn−1

��

Bn
gn

//

βn

��

ΣB1

B1

d′1
// X ′

2

d′2
// X ′

3

d′3
// . . .

d′n−2
// X ′

n−1

d′n−1
// GB1

d′n
// ΣB1

Since ϕ1 − ϕ1 = 0, by Lemma 4.1, we have θ1 ◦ αn − βn ◦ ϕn = 0 and so θ1 ◦ αn =

βn ◦ ϕn. It follows that Gϕ1 ◦αn = βn ◦ϕn. Then the following diagram commutes:

A1

f1
//

ϕ1

��

A2

f2
//

ϕ2

��

A3

f3
//

ϕ3

��

. . .
fn−1

// An
αn

//

ϕn

��

GA1

Gϕ1

��

B1

g1
// B2

g2
// B3

g3
// . . .

gn−1

// Bn
βn

// GB1

�

Now we prove our first main result in this section.

Theorem 4.6.

(1) If (A, Rn(C,Σ),X ) is a right n-suspended category, then (C/X ,G,Θ′) is a right

n-angulated category.

(2) If (A, Ln(C,Ω),X ) is a left n-suspended category, then (C/Y ,H,Φ′) is a left

n-angulated category.

P r o o f. (1) We will check the axioms of right n-angulated categories.

It is easy to see that the class of standard right n-angles Θ′ is closed under iso-

morphisms and direct sums. So (RN1)(a) is satisfied.

For any object A ∈ C, the identity morphism of A is an X -monic. The commu-

tative diagram

A
1A

// A
0

//

x1

��

0
0

//

0

��

. . . 0
// 0

0
//

0

��

0
0

//

0

��

ΣA

A
x1

// X2
x2

// X3
x3

// . . .
dn−2

// Xn−1
xn−1

// GA
xn

// ΣA

shows that

A
1A
−→ A→ 0 → . . .→ 0 → GA

belongs to Θ′. Thus (RN1)(b) is satisfied.

Online first 23



For any morphism f : A → B in C, by (RSN1) (ii) and (RSN1) (iii), there exists

a right n-C-angle

A

[ x

f

]

−→ X2 ⊕B → C3 → . . .→ Cn−1 → Cn → ΣA,

where x is a left X -approximation of A. Noting that
[

x

f

]

is an X -monic, the above

right n-C-sequence induces a standard right n-angle

A
f

−→ B → C3 → . . .→ Cn−1 → Cn → GA.

Thus, (RN1) (c) is satisfied.

(RN2) Let A1

f1
// A2

f2
// A3

f3
// . . .

fn−1

// An
αn

// GA1 be a standard

right n-angle in C/X .

For each object A1 ∈ C, by (RSN1) (ii), there exists a right n-C-sequence

in Rn(C,Σ)

A1
x

−→ X2
x2−→ X3

x3−→ . . .
xn−2

−→ Xn−1
xn−1

−→ GA1
y

−→ ΣA1,

where x is a left X -approximation of A and X2, X3, . . . , Xn−1 ∈ X . Without loss

of generality, we assume that the right n-C-sequence in Rn(C,Σ)

A1

[ x

f1

]

// X2 ⊕A2

[ z f2 ]
// A3

f3
// . . .

fn−2
// An−1

fn−1
// An

fn
// ΣA1

induces the standard right n-angle A1

f1
// A2

f2
// A3

f3
// . . .

fn−1

// An
αn

// GA1 ,

that is, there exists the commutative diagram

(4.3) A1

[ x

f1

]

// X2 ⊕A2

[ z f2 ]
//

δ2
��

A3
f3

//

δ3
��

. . .
fn−2

// An−1
fn−1

//

δn−1

��

An
fn

//

αn

��

ΣA1

A1
x

// X2
x2

// X3
x3

// . . .
xn−2

// Xn−1
xn−1

// GA1
y

// ΣA1

of right n-C-sequences in Rn(C,Σ).

For the morphism f1 : A1 → A2 in C, by Definition 3.1 (iv), there exists an n-C-

sequence in Rn(C,Σ)

A1

[

1

f1

]

// A1 ⊕A2

[ f1 −1 ]
// A2

// 0 . . . //// 0
0

// ΣA1.

By (RSN1) (i), we have that

A1 ⊕A2

[

x 0

0 1

]

// X2 ⊕A2

[ x2 0 ]
// X3

x3
// . . .

xn−2
// Xn−1

xn−1
// GA1

[ y

0

]

// ΣA1 ⊕ ΣA2
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is a right n-C-sequence in Rn(C,Σ). By (RSN4), we have the commutative diagram:

A1

[

1

f1

]

// A1 ⊕A2

[ f1 −1 ]
//

[

x 0

0 1

]

��

0 //

ϕ3

��
✤
✤
✤ 0 //

ϕ4

��
✤
✤
✤

ψ4

��

✙
✗
✔
✒
✏

✌
✡

. . . // 0 //

ϕn−1

��
✤
✤
✤ 0 //

ϕn

��
✤
✤
✤

ψn

��

✖
✓
✑

✎
☞

✠
✝

ΣA1

A1

[ x

f1

]

//

[

1

f1

]

��

X2 ⊕A2

[ z f2 ]
// A3

f3
//

θ3

��
✤
✤
✤ A4

f4
//

θ4

��
✤
✤
✤

. . .
fn−2

// An−1
fn−1

//

θn−1

��
✤
✤
✤ An

fn
//

θn

��
✤
✤
✤ ΣA1

Σ

[

1

f1

]

��

A1 ⊕A2

[

x 0

0 1

]

// X2 ⊕A2

[ x2 0 ]
// X3

x3
// X4

x4
// . . .

xn−2
// Xn−1

xn−1
// GA1

[ y

0

]

// ΣA1 ⊕ ΣA2

of right n-C-sequences in Rn(C,Σ) and

A2
ϕ3=−f2

// A3

[

−f3
θ3

]

// A4 ⊕X3

[

−f4 0
θ4 x3

]

// . . .

. . .

[

−fn−1 0
θn−1 xn−2

]

// An ⊕Xn−1
[ θn xn−1 ]

// GA1
Σf1◦y

// ΣA2

is a right n-C-sequence in Rn(C,Σ) with ϕ2 being an X -monic. The commutative

diagram with rows being right n-C-sequences in Rn(C,Σ)

A1
x

//

f1

��

X2
x2

//

z

��

X3
x3

//

[

0

1

]

��

. . .

A2
−f2

// A3

[

−f3
θ3

]

//

ω2

��
✤
✤
✤
✤ A4 ⊕X3

[

−f4 0
θ4 x3

]

//

ω3

��
✤
✤
✤
✤

. . .

A2
x′

// X ′
2

x′

2
// X ′

3

x′

3
// . . .

. . .
xn−2

// Xn−1
xn−1

//

[

0

1

]

��

GA1
y

// ΣA1

Σf1

��
. . .

[

−fn−1 0
θn−1 xn−2

]

// An ⊕Xn−1
[ θn xn−1 ]

//

ωn−1

��
✤
✤
✤
✤ GA1

Σf1◦y
//

ωn

��
✤
✤
✤
✤ ΣA2

. . .
x′

n−2
// X ′

n−1

x′

n−1
// GA2

y′
// ΣA2

implies that ωn = Gf1 and

A2

−f2
// A3

−f3
// A4

−f4
// . . .

−fn−1

// An
θn

// GA1

ωn
// GA2

Online first 25



is a standard right n-angle in C/X . The commutative diagram

A2

−f2
// A3

−f3
//

−1

��

A4

−f4
// . . .

−fn−1

// An
θn

//

(−1)n

��

GA1

Gf1
//

(−1)n

��

GA2

A2

f2
// A3

f3
// A4

f4
// . . .

fn−1

// An
θn

// GA1

(−1)nGf1
// GA2

shows that

A2

f2
// A3

f3
// A4

f4
// . . .

fn−1

// An
θn

// GA1

(−1)nGf1
// GA2

belongs to Θ′. It remains to show that θn = αn. Consider the commutative diagram

(4.4) A1

[ x

f1

]

// X2 ⊕A2

[ z f2 ]
//

[ 1 0 ]

��

A3
f3

//

θ3

��

. . .
fn−2

// An−1
fn−1

//

θn−1

��

An
fn

//

θn

��

ΣA1

A1
x

// X2
x2

// X3
x3

// . . .
xn−2

// Xn−1
xn−1

// GA1
y

// ΣA1

and the commutative diagram (4.3). By Lemma 4.1, we have θn = αn.

(RN3) Suppose that there exists a commutative diagram

(4.5) A1

f1
//

h1

��

A2

f2
//

h2

��

A3

f3
// . . .

fn−1

// An
αn

// GA1

Gh1

��

B1

g1
// B2

g2
// B3

g3
// . . .

gn−1

// Bn
βn

// GB1

with rows standard right (n+2)-angles in C/X . By assumption, the equality h2◦f1 =

g1 ◦ h1 holds, there exist morphisms u : A1 → X and v : X → B2 with X ∈ X such

that h2f1−g1h1 = vu. Since f1 is anX -monic, there exists a morphism w : A2 → X

such that wf1 = u. It follows that (h2 − vw)f1 = h1f1 − vu = g1h1. By (RSN3), we

have the commutative diagram

(4.6) A1
f1

//

h1

��

A2
f2

//

h2−vw

��

A3

��
✤
✤
✤

f3
// . . .

fn−1
// An

��
✤
✤
✤

fn
// ΣA1

Σh1

��

B1
g1

// B2
g2

// B3
g3

// . . .
gn−1

// Bn
gn

// ΣB1

of right n-C-sequences in Rn(C,Σ). By Lemma 4.5 and h2 − vw = h2, the di-

agram (4.5) can be completed to a morphism of right n-angles following from

diagram (4.6).
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(RN4) Given the solid part of the diagram

A1

f1
// A2

f2
//

ϕ2

��
✤
✤
✤ A3

f3
// A4

f4
// . . .

fn−2

// An−1

fn−1

// An
αn

// GA1

A1

g1
//

f1

��
✤
✤
✤ B2

g2
// B3

g3
// B4

g4
// . . .

gn−2

// Bn−1

gn−1

// Bn
βn

// GA1

Gf1

��
✤
✤
✤

A2

ϕ2
// B2

h2
// C3

h3
// C4

h4
// . . .

hn−2

// Cn−1

hn−1

// Cn
γn

// GA2

with commuting squares and with rows in Θ′, since ϕ2 ◦ f1 = g1, there are two

morphisms u : A1 → X and v : X → B2 such that ϕ2f1 − g1 = vu. Since g1 :

A1 → B2 is an X -monic, there exists a morphism w : B2 → X such that wg1 = u.

Thus, ϕ2f1 = (1 + vw)g1. Note that g1 = (1 + vw)g1. Thus, there is a standard

right n-angle

A1

(1+vw)g1
// B2

g2
// B3

g3
// . . .

gn−1

// Bn
βn

// GA1 ∈ Θ′.

By the construction of Θ′, we have a right n-C-sequence

A1

(1+vw)g1
// B2

g2
// B3

g3
// . . .

gn−1
// Bn

gn
// ΣA1.

By (RSN4), there exist the dotted morphisms such that the each square in

A1
f1

// A2
f2

//

ϕ2

��

A3
f3

//

ϕ3

��
✤
✤
✤ A4

f4
//

ϕ4

��
✤
✤
✤

ψ4

��

✕
✓
✏

✍
☛

✟
✆

. . .
fn−2

// An−1
fn−1

//

ϕn−1

��
✤
✤
✤ An

fn
//

ϕn

��
✤
✤
✤

ψn

��

✓
✑

✍
☞

✠
✝

✄

ΣA1

A1

(1+vw)g1
//

f1

��

B2
g2

// B3
g3

//

θ3

��
✤
✤
✤ B4

g4
//

θ4

��
✤
✤
✤

. . .
gn−2

// Bn−1
gn−1

//

θn−1

��
✤
✤
✤ Bn

gn
//

θn

��
✤
✤
✤ ΣA1

Σf1

��

A2
ϕ2

// B2
h2

// C3
h3

// C4
h4

// . . .
hn−2

// Cn−1
hn−1

// Cn
hn

// ΣA2

commutes and the sequence

A3

[

f3
ϕ3

]

// A4 ⊕B3

[

−f4 0

ϕ4 −g3
ψ4 θ3

]

// A5 ⊕B4 ⊕ C3

[

−f5 0 0

ϕ5 −g4 0
ψ5 θ4 h3

]

// A6 ⊕B5 ⊕ C4

[

−f6 0 0

ϕ6 −g5 0
ψ6 θ5 h4

]

// . . .





−fn−1 0 0

(−1)n+1ϕn−1 −gn−2 0
ψn−1 θn−2 hn−3





// An ⊕Bn−1 ⊕ Cn−2

[

(−1)nϕn −gn−1 0
ψn θn−1 hn−2

]

// Bn ⊕ Cn−1
[ θn hn−1 ]

// Cn
Σf2◦hn

// ΣA3
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is a right n-C-sequence in Rn(C,Σ) with
[

f3
ϕ3

]

being an X -monic. Thus, we have

the commutative square diagram

A1

f1
// A2

f2
//

ϕ2

��

A3

f3
//

ϕ3

��
✤
✤
✤ A4

f4
//

ϕ4

��
✤
✤
✤

ψ4

��

✖
✔
✒

✎
✌

✡
✞

. . .
fn−2

// An−1

fn−1

//

ϕn−1

��
✤
✤
✤ An

αn
//

ϕn

��
✤
✤
✤

ψn

��

✔
✒

✎
✌

✡
✞

☎

GA1

A1

g1
//

f1

��

B2

g2
// B3

g3
//

θ3

��
✤
✤
✤ B4

g4
//

θ4

��
✤
✤
✤

. . .
gn−2

// Bn−1

gn−1

//

θn−1

��
✤
✤
✤ Bn

βn
//

θn

��
✤
✤
✤ GA1

Gf1

��

A2

ϕ2
// B2

h2
// C3

h3
// C4

h4
// . . .

hn−2

// Cn−1

hn−1

// Cn
γn

// GA2

and the sequence

A3

[

f3
ϕ3

]

// A4 ⊕B3





−f4 0
ϕ4 −g3
ψ4 θ3





// A5 ⊕B4 ⊕ C3





−f5 0 0
ϕ5 −g4 0

ψ5 θ4 h3





// A6 ⊕B5 ⊕ C4





−f6 0 0
ϕ6 −g5 0

ψ6 θ5 h4





// . . .







−fn−1 0 0

(−1)n+1ϕn−1 −gn−2 0

ψn−1 θn−2 hn−3







// An ⊕Bn−1 ⊕ Cn−2

[

(−1)nϕn −gn−1 0

ψn θn−1 hn−2

]

// Bn ⊕ Cn−1

[ θn hn−1 ]
// Cn

λ
// GA3

is a standard right n-angle in C/X . It suffices to show that λ = Gf2 ◦ γn.

Consider the commutative diagram

A2
ϕ2

//

f2

��

B2
h2

//

[

0

g2

]

��

C3
h3

//

[ 0

0

1

]

��

. . .

A3

[

f3
ϕ3

]

// A4 ⊕B3

[

−f4 0

ϕ4 −g3
ψ4 θ3

]

// A5 ⊕B4 ⊕ C3

[

−f5 0 0

−ϕ5 −g4 0
ψ5 θ4 h3

]

// . . .

. . .
hn−1

// Cn
hn

// ΣA2

Σf2

��
. . .

[ θn hn−1 ]
// Cn

Σf2◦hn
// ΣA3

of right n-C-sequences in Rn(C,Σ). By Lemma 4.5, we have λ = Gf2 ◦ γn.

(2) It is the dual of (1). �

Remark 4.7. In Theorem 4.6, when n = 3, it is just Theorem 3.6 in [4].
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5. Frobenius n-Prile categories

In order to generalize the result of Theorem 5.5 in [4] to the version of n-angulated

categories, we introduce the notion of a Frobenius n-prile category, which extends

the notion of Frobenius prile category defined by Li, see [4].

Definition 5.1. Let (A, Rn(C,Σ),X ) be a right n-suspended category and (A,

Ln(C,Ω),X ) a left n-suspended category. The quadruple (A, Ln(C,Ω), Rn(C,Σ),X )

is called a Frobenius n-prile category if it satisfies the following conditions:

(a) (Ω,Σ) is an adjoint pair with ψ as the adjunction isomorphism.

(b) If ΩAn
f1
−→A1

f2
−→A2

f3
−→A3

f4
−→ . . .

fn
−→An is in Ln(C,Ω) with A2, . . . , An ∈ C,

then

A1
f2

// A2
f3

// A3
f4

// . . . fn
// An

ψAn,A1
(f1)

// ΣA1

is in Rn(C,Σ). Conversely, if A1
g1
−→ A2

g2
−→ A3

g3
−→ . . .

gn−1

−→ An
gn
−→ ΣA1 is

in Rn(C,Σ) with A1, . . . , An−1 ∈ C, then

ΩAn
ψ−1

An,A1
(gn)

// A1
g1

// A2
g2

// A3
g3

// . . .
gn−1

// An

is in Ln(C,Ω).

(c) For each object A ∈ C, xn−1 is a left X -approximation of A in the fixed right

n-C-sequence

A
x

−→ X2
x2−→ X3

x3−→ . . .
xn−2

−→ Xn−1
xn−1

−→ B
y

−→ ΣA,

where X2, . . . , Xn−1 ∈ X and x′1 is a right X -approximation of C in the fixed

left n-C-sequence

ΩA
y′

−→ C
x′

1−→ X ′
2

x′

2−→ X ′
3

x′

3−→ . . .
x′

n−2

−→ X ′
n−1

x′

n−1

−→ A,

where X ′
2, . . . , X

′
n−1 ∈ X .

Example 5.2.

(1) Let B be a Frobenius (n − 2)-exact category, and I the subcategory of

projective-injective objects of B. Then (B, Ln(B, 0), Rn(B, 0),I ) is a Frobenius

n-prile category, where Ln(B,Ω) and Rn(B,Σ) are constructed in Proposi-

tion 3.8.

(2) Let A be an n-angulated category and X a subcategory of C. If C is extension

closed and (C, C) is an X -mutation pair, then (A, Ln(C,Σ
−1), Rn(C,Σ),X ) is

a Frobenius n-prile category, where Ln(C,Σ
−1) and Rn(C,Σ) are constructed

in Example 3.16.
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Lemma 5.3. Let (A, Ln(C,Ω), Rn(C,Σ),X ) be a Frobenius n-prile category.

Each solid commutative diagram

A
a

//

f

��
✤
✤
✤ X2

x2
//

ϕ2

��
✤
✤
✤ X3

x3
//

ϕ3

��
✤
✤
✤

. . .
xn−3

// Xn−2

ϕn−2

��
✤
✤
✤

xn−2
// Xn−1

xn−1
//

ϕn−1

��

B
b

//

g

��

ΣA

Σf

��
✤
✤
✤

A′
a′

// X ′
2

x′

2
// X ′

3

x′

3
// . . .

x′

n−3
// X ′

n−2

x′

n−2
// X ′

n−1

x′

n−1
// B′

b′
// ΣA′

with rows being right n-C-sequences in Rn(C,Σ) can be completed to a morphism of

right n-C-sequences in Rn(C,Σ) .

P r o o f. Consider the commutative diagram

A
a

// X2
x2

// X3
x3

// . . .
xn−3

// Xn−2
xn−2

// Xn−1
xn−1

//

ϕn−1

��

B
b

//

g

��

ΣA

A′
a′

// X ′
2

x′

2
// X ′

3

x′

3
// . . .

x′

n−3
// X ′

n−2

x′

n−2
// X ′

n−1

x′

n−1
// B′

b′
// ΣA′

of right n-C-sequences in Rn(C,Σ). By assumption (b) of Definition 5.1, we have the

commutative diagram

ΩB
ψ−1

B,A
(b)

//

Ω(g)

��

A
a

//

f

��
✤
✤
✤ X2

x2
//

ϕ2

��
✤
✤
✤ X3

x3
//

ϕ3

��
✤
✤
✤

. . .
xn−3

// Xn−2

ϕn−2

��
✤
✤
✤

xn−2
// Xn−1

xn−1
//

ϕn−1

��

B

g

��

ΩB′

ψ−1

B′,A′
(b′)
// A′

a′
// X ′

2

x′

2
// X ′

3

x′

3
// . . .

x′

n−3
// X ′

n−2

x′

n−2
// X ′

n−1

x′

n−1
// B′

of left n-C-sequences in Ln(C,Σ), where the existence of f , ϕ2, . . . , ϕn−2 arises from

the dual statement of (RSN3).

We claim that Σf ◦ b = b′g. Indeed, by the naturality of ψ−1
B′,A′ in B′, we have the

following commutative diagram:

HomA(B
′,ΣA′)

ψ−1

B′,A′

//

g∗

��

HomA(ΩB
′, A′)

Ω(g)∗

��

HomA(B,ΣA
′)

ψ−1

B,A′

// HomA(ΩB,A
′)

It follows that for the morphism b′ : B′ → ΣA′, we have

ψ−1
B′,A′(b) ◦ Ω(g) = ψ−1

B,A′(b
′g).
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In a similar way, by the naturality of ψ−1
B,A in B, we have the following commutative

diagram:

HomA(B,ΣA)
ψ−1

B,A
//

(Σf)∗
��

HomA(ΩB,A)

f∗
��

HomA(B,ΣA
′)

ψ−1

B,A′

// HomA(ΩB,A
′)

It follows that for the morphism b : B → ΣA, we have

ψ−1
B,A′(Σf ◦ b) = f ◦ ψ−1

B,A(b).

Since

ψ−1
B′,A′(b

′) ◦ Ω(g) = f ◦ ψ−1
B,A(b),

we have

ψ−1
B,A′(b

′g) = ψ−1
B,A′(Σf ◦ b)

and then Σf ◦ b = b′g. Thus, we have the commutative diagram

A
a

//

f

��
✤
✤
✤ X2

x2
//

ϕ2

��
✤
✤
✤ X3

x3
//

ϕ3

��
✤
✤
✤

. . .
xn−3

// Xn−2

ϕn−2

��
✤
✤
✤

xn−2
// Xn−1

xn−1
//

ϕn−1

��

B
b

//

g

��

ΣA

Σf

��
✤
✤
✤

A′
a′

// X ′
2

x′

2
// X ′

3

x′

3
// . . .

x′

n−3
// X ′

n−2

x′

n−2
// X ′

n−1

x′

n−1
// B′

b′
// ΣA′

with rows being right n-C-sequences in Rn(C,Σ). �

Theorem 5.4. Let (A, Ln(C,Ω), Rn(C,Σ),X ) be a Frobenius n-prile category.

Then the quotient category C/X is an n-angulated category.

P r o o f. (1) By Theorem 4.6, we know that (C/X ,G,Θ′) is a right n-angulated

category. It suffices to show that G is an equivalence.

First, we prove that G is dense.

For any object A ∈ C/X , there exists a right n-C-sequence

A
a

−→ X2
x2−→ X3

x3−→ . . .
xn−2

−→ Xn−1
xn−1

−→ C
b

−→ ΣC,

where a is a left X -approximation of A and X2, X3, . . . , Xn−1 ∈ X . By the defini-

tion of G and Lemma 4.2, we have C ≃ G(A). This shows that G is dense.

Second, we prove that G is full.
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For any morphism h : GA → GB in C/X , since (A, Ln(C,Ω), Rn(C,Σ),X ) is

a Frobenius n-prile category, there are two right n-C-sequences in Rn(C,Σ):

A
f1
−→ X2

f2
−→ X3

f3
−→ . . .

fn−2

−→ Xn−1

fn−1

−→ GA
fn
−→ ΣA,

where fn−1 is a right X -approximation and X2, X3, . . . , Xn−1 ∈ X ,

B
g1
−→ X ′

2

g2

−→ X ′
3

g3
−→ . . .

gn−2

−→ X ′
n−1

gn−1

−→ GB
gn
−→ ΣB,

where gn−1 is a right X -approximation and X ′
2, X

′
3, . . . , X

′
n−1 ∈ X . Thus, there

exists the commutative diagram of right n-C-sequences in Rn(C,Σ)

A
f1

//

f

��

X2
f2

//

ϕ2

��

X3
f3

//

ϕ3

��

. . .
fn−2

// Xn−1
fn−1

//

ϕn−1

��

GA
fn

//

h

��

ΣA

Σf

��

B
g1

// X ′
2

g2
// X ′

3

g3
// . . .

gn−2
// X ′

n−1

gn−1
// GB

gn
// ΣB

where ϕn−1 exists since gn−1 is a right X -approximation, f, ϕ1, . . . , ϕn−2 exist by

Lemma 5.3. It follows that h = Gf . This shows that G is full.

Finally, we prove that G is faithful.

Let f : A → B be a morphism in C. There exists the commutative diagram of

right n-C-sequences in Rn(C,Σ)

A
f1

//

f

��

X2
f2

//

ϕ2

��

X3
f3

//

ϕ3

��

. . .
fn−2

// Xn−1
fn−1

//

ϕn−1

��

GA
fn

//

h

��

ΣA

Σf

��

B
g1

// X ′
2

g2
// X ′

3

g3
// . . .

gn−2
// X ′

n−1

gn−1
// GB

gn
// ΣB

where fn−1 and gn−1 are rightX -approximations. Assume thatGf = h = 0. Then h

factors through some object in X . Since gn−1 is a right X -approximation of GB1,

we have that h factors through gn−1. Since (A, Ln(C,Ω),X ) be a left n-suspended

category, we know that f factors through f1. Therefore, f = 0. This shows that G

is faithful. �

Remark 5.5. In Theorem 5.4, when n = 3, it is just Theorem 5.5 in [4]. More-

over, under the situation of Example 5.2, one can reobtain Theorem 5.11 of [3] and

Theorem 3.7 of [5] by Theorem 5.4.

Acknowledgments. The authors would like to thank the referee for many helpful

suggestions.
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