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ONE-SIDED n-SUSPENDED CATEGORIES

JING HE, Changsha, YONGGANG HuU, Beijing, PANYUE ZHOU, Changsha
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Abstract. For an integer n > 3, we introduce a simultaneous generalization of (n — 2)-
exact categories and n-angulated categories, referred to as one-sided n-suspended categories.
Notably, one-sided n-angulated categories are specific instances of this structure. We es-
tablish a framework for transitioning from these generalized categories to their n-angulated
counterparts. Additionally, we present a method for constructing n-angulated quotient cat-
egories from Frobenius n-prile categories. Our results unify and extend the previous work
of Jasso on m-exact categories, Lin on (n + 2)-angulated categories, and Li on one-sided
suspended categories.

Keywords: triangulated category; n-angulated category; exact category; (n — 2)-exact
category; right n-angulated category; one-sided n-suspended category

MSC 2020: 18G80, 18E10

1. INTRODUCTION

Geiss, Keller, and Oppermann in [2] introduced the notion of n-angulated cate-
gories, extending the foundational framework of triangulated categories. Notably,
certain subcategories, referred to as (n — 2)-cluster tilting subcategories within tri-
angulated categories, provide concrete illustrations of n-angulated categories, see [2].
In a more recent development, Jasso in [3] introduced the concepts of (n — 2)-exact
categories and algebraic n-angulated categories. It is worth noting that algebraic
n-angulated categories, by definition, are equivalent to the stable categories of Frobe-
nius (n — 2)-exact categories, representing a natural and broader generalization of
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No. 12401045) and by the Hunan Provincial Natural Science Foundation of China
(Grant No. 2023JJ40217). Yonggang Hu is supported by the National Natural Science
Foundation of China (Grant No. 12401049). Panyue Zhou is supported by the National
Natural Science Foundation of China (Grant No. 12371034) and by the Hunan Provincial
Natural Science Foundation of China (Grant No. 2023JJ30008)
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algebraic triangulated categories. Building upon this foundation, Lin in [5] defined
the concept of mutation pairs within n-angulated categories and provided a proof
demonstrating that when such a mutation pair exists, the corresponding quotient
category can be classified as an n-angulated category.

The main aim of this paper is to present a general framework to understand
the n-angulated quotient categories that have been discussed in [3], [5]. Drawing
inspiration from the notions of a one-sided n-angulated category introduced by Lin
(see [6]) and a one-sided suspended category by Li (see [4]), we propose the concept of
one-sided n-suspended categories, encompassing (n—2)-exact categories, n-angulated
categories, and one-sided n-angulated categories as examples.

Roughly speaking, a right n-suspended category consists of an additive category A
endowed with an additive endofunctor X, along with two additive subcategories 2
and C of A, together with a class denoted as R,(C,X) of n-Y-sequences. These
sequences must adhere to similar axioms as those found in a right n-angulated cat-
egory, as discussed in [6]. Notably, right n-angulated categories and (n — 2)-exact
categories fall under the umbrella of right n-suspended categories. For the precise
definition of a right n-suspended category, please refer to Definition 3.1. Conversely,
a left n-suspended category is defined dually. Our first main result is as follows:

Theorem 1.1 (see Theorem 4.6 for details).
(1) If (A,R,(C,%),Z) is a right n-suspended category, then the quotient cate-
gory C/Z is a right n-angulated category.
(2) If (A,Q,L,(C),Z) is a left n-suspended category, then the quotient catego-
ry C/Z is a left n-angulated category.

Let (A, R3(C,%), Z") be a right 3-suspended category, and (A, L3(C,Q2), Z) be
a left 3-suspended category. Li in Definition 5.1 of [4] introduced the concept of
a “prile” category (“prile” is an abbreviation of “pre”, “right” and “left”). It is rep-
resented as (A, L3(C,Q), R3(C,X), Z). Based on Li’s idea, we introduce the concept
of n-prile category, see Definition 5.1.

We use our first major result to provide insights into the construction of n-an-
gulated quotient categories. This encompasses numerous existing constructions of
n-angulated quotient categories, as elucidated in Theorem 5.11 of [3] and Theorem 3.7
of [5]. To be more precise, we establish the following:

Theorem 1.2 (see Theorem 5.4 for details)). Let (A, L,(C,Q), R,(C,X), Z") be
a Frobenius n-prile category. Then the quotient category C/Z is an n-angulated
category.
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This paper is organized as follows: In Section 2, we revisit the definitions of
an (n — 2)-exact category and a right n-angulated category. In Section 3, we intro-
duce the concept of a one-sided n-suspended category and present various construc-
tions of one-sided n-suspended categories, drawing from (n — 2)-exact categories and
one-sided n-angulated categories as illustrative examples. In Section 4, we provide
a comprehensive framework for transitioning from a one-sided m-suspended cate-
gory to a one-sided n-angulated category. In Section 5, we delve into the concept
of a Frobenius n-prile category, providing illustrative examples and subsequently
proving our second major result.

Conventions. Throughout this paper, we assume that n is an integer greater
than or equal to three. Let A be an additive category. When we refer to 2~ as
a subcategory of A, it is implied that 2 is a full subcategory and is closed under
isomorphisms, direct sums, and direct summands.

2. PARTIAL ONE-SIDED Nn-ANGULATED CATEGORIES

2.1. (n — 2)-exact categories. In this subsection, we recall some definitions of
an (n — 2)-exact category from [3].

Let A be an additive category and f: A — B a morphism in A. A weak cokernel
of f is amorphism g: B — C such that for any X € A the sequence of abelian groups

A(C, X) 25 A(B, X) L5 A4, X)

is exact. Equivalently, g is a weak cokernel of f if gf = 0 and for each morphism h:
B — X such that hf = 0 there exists a (not necessarily unique) morphism p: C — X
such that h = pg. This description can be represented in the form of the commutative
diagram below:

A-—t.pt.c

Ve
7/
Vh
\Ni»/ 3
X

This is also referred to as the factorization property of weak cokernels. Clearly,
a weak cokernel g of f is a cokernel of f if and only if g is an epimorphism. The
concept of a weak kernel is defined dually.

Let fi1: Ay — As be a morphism in A. An (n — 2)-cokernel of fi is a sequence

(forforeosfu) Ao L2 g 25 2 4,
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such that for any B € A the induced sequence of abelian groups

0— A(A, B) L a(a, )l B g4y, B)
is exact. Equivalently, the sequence (fs, f5,..., fn—1) is an (n — 2)-cokernel of f;

if for any 2 < ¢ < n — 2 the morphism f; is a weak cokernel of f;_;, and f,,_; is
moreover a cokernel of f,,_s. In this case, we say the sequence

a,

(2.1) A oA, Byopg By
is a right (n—2)-ezact. When n = 3, the concept of a 1-cokernel is exactly the classical
concept of a cokernel. We can define (n — 2)-kernel and left (n — 2)-ezact sequence
dually. The sequence (2.1) is called (n — 2)-ezact if it is both right (n — 2)-exact and

left (n — 2)-exact.

Let A be an additive category, A; L> As £> fﬂ—>_2 A,_1 a complex and

hi: Ay — Bj a morphism in A. An (n — 2)-pushout diagram of (f1, fa,..., fn—2)
along hy is a morphism of complexes

A, f1 A, f2 o fn-3 Ao frn—2 A,
\L}u lhz lhnz \Lhnl
Bl g1 B2 g2 . gn—3 Bn_z In—2 Bn_l
such that the mapping cone
[—hfl] {*hfz 0} [*hfs 0]
Ay ! AQ@Bl;m)AS@BQ;”)
[ffnfg 0 }
hpn—2 gn-3 [An—1 gn—2]

A 1@ B g —— B,

is a right (n — 2)-exact.
Let A be an additive category. If 2 is a class of (n — 2)-exact sequences in A,
then we call its members 2 -admissible (n — 2)-exact sequences. Furthermore, if

fn—l

A® = (A I oA, oAy By g

is an 2 -admissible (n — 2)-exact sequence, we say that f; is an 2 -admissible
monomorphism and that f,_1 is an 2 -admissible epimorphism. We simply write
“admissible” instead of “.2 -admissible” if the class 2" is clear from the context.
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Definition 2.1 ([3], Definition 4.2). We say that a morphism ¢®: A®* — B*® of
(n—2)-exact sequences in an additive category A is a weak isomorphism if 1; and ;1

are isomorphisms for some ¢ € {1,2,...,n} with t,11 := ¥1. An (n — 2)-ezact

structure on A is a class 2" of (n — 2)-exact sequences in A, closed under weak

isomorphisms of (n — 2)-exact sequences, and which satisfies the following axioms:

(E0)
(E1)
(E1)oP
(E2)

(E2)°r

The sequence 0 — 0 — ... — 0 — 0 is an admissible (n — 2)-exact sequence.
The class of admissible monomorphisms is closed under composition.

The class of admissible epimorphisms is closed under composition.

For any admissible (n—2)-exact sequence A® and any morphism ¢: A; — By,
there exists an (n — 2)-pushout diagram of (f1, fa,..., fn—2) along ¢ such
that g; is an admissible monomorphism, that is, there exists the following

commutative diagram:

.f727 f’l’L*
A, f1 Ay f2 As f3 2 A, 1 1 A,
| | |
l‘ﬂ | ha | h3 | hn—1
Yoy - Y
Bli>32_g_z>33_@>..._g_2>3n71

For any admissible (n — 2)-exact sequence D® and any morphism :
C, — D,, there exists an (n — 2)-pullback diagram of (da,ds,...,d,—1)
along v such that ¢,_; is an admissible epimorphism, that is, there exists

the following commutative diagram:

Cn—2 Cn—1

Cn— 1 Cn

C: C
024"’)03__3)...

| I I
es | | es | én—1 P

\ Y Y
di da d3 dp—2 dn—1
D, Do Ds e Dy D,

An (n — 2)-ezact category is a pair (A, Z"), where A is an additive category

and 42 is an (n — 2)-exact structure on A. If the class 2 is clear from the context,
we identify A with the pair (A, Z7).

Let (A, Z) be an (n — 2)-exact category. An object I € A is called injective if for
every admissible monomorphism f: M — N, the sequence of abelian groups

AN, L5 A1) =0

is exact. By [3], we say that (A, Z") has enough injectives if for every object M € A

there exist injective objects I, ..., I,—1 and an admissible (n — 2)-exact sequence

M—=I,—...—1, 71— N.

The notion of having enough projectives is defined dually.
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We say that an (n — 2)-exact category (A, Z") is Frobenius if it has enough injec-
tives, enough projectives, and if injective and projective objects coincide.

2.2. Right n-angulated categories. Let A be an additive category with an

endofunctor ¥ : A — A. An n-Y-sequence in A is a sequence of morphisms

Ay IS Ay By oag B g, I osa

Its left rotation is the n-YX-sequence

n— n -1)"s
A, f2 As f3 A, fa frn—1 A, f EAl( )" 2 f1 S A,

A morphism of n-Y-sequences is a sequence of morphisms ¢ = (@1, P2, @3, .., ¥n)
such that the diagram

f1 f2 f3 fn—1 fn

Ay Ag As cee = A, —=3XA
i@l l@z ltpz J/%L l&m
Bl g1 32 g2 Bg g3 . In—1 Bn dn EBl

where each row is an n-Y-sequence, commutes. It is an isomorphism if @1, @2,
©3, ..., Py are all isomorphisms in A.

We recall the notion of a right n-angulated category from [6], Definition 2.1.
However, the condition (RN4) is slightly different from that in [6], Definition 2.1.

Definition 2.2. A right n-angulated category is a triple (A, X, 0), where A is
an additive category, ¥ is an endofunctor of A, and © is a class of n-¥-sequences
(whose elements are called right n-angles), which satisfies the following axioms:
(RN1) (a) The class O is closed under isomorphisms and direct sums.

(b) For each object A € A the trivial sequence

AN A0 ... 50524

belongs to ©.
(c) For each morphism f;: A; — Ay in C, there exists a right n-angle whose
first morphism is fi.
(RN2) If an n-X-sequence belongs to ©, then its left rotation belongs to ©.
(RN3) Each solid commutative diagram

f1 f2 f3 fn-1 In

Ay Ay As e A, YA,
| |
itpl \Léﬂz | 3 | ¥n \thm
g1 g2 v gs gn—1 v In
Bl B2 B3 te Bn EBl

with rows in © can be completed to a morphism of n-Y-sequences.
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(RN4) Given the solid part of the diagram

f f f fnf fn fn
Ag —2s Ay —Bop, s 0 4 1%,4 —" A,
| /| |
l@z lps  tha, |pa Pn—1 | wn/ | ¢n
Y ;v Y
g g g gn—2 gn—1/
By —2> B3 —» By — ... B,_ 1ﬁB I vA,
| Y | | Y
f1 1835, |64 On—11 \Gn Zh
Y ¥ A Y £ A
h h h Pop — hn hap
A2 £ BQ 2 Cg 2 04 : ce 3 Cn 1 Hl' C — EAQ

with commuting squares and with rows in O, the dotted morphisms exist
such that each square commutes, and the n-Y-sequence

—f1 0 ~f5 0 0
[f3:| [904 —993} {—905 —994’?}
Ag——20 A eB,— " A aB e,

—fs 0 0 —fn-1 0 0
{ w6 —gs 0 } (D" pn 1 —gn2 0
Ye 05 ha PYn—1 O0n—2 hp_3

Ag® Bs & Cy

[(71)"+2s0n —gn—1 0 ]
wn en—l hn72
Bn S Cn—lAn S Bn—l S Cn—Q

6, hn Ohp
By ®Cpy il g B sy,

The notion of a left n-angulated category is defined dually.

If ¥ is an equivalence, and the condition in axiom (RN2) is necessary and sufficient,
then the right n-angulated category (A,X%,0) is an n-angulated category in the
sense of Geiss-Keller-Oppermann (see [2], Definition 1.1) and in the sense of Bergh-
Thaule, see [1], Theorem 4.4. If (A, X, ©) is a right n-angulated category, (A, 2, @)
is a left n-angulated category, 2 is a quasi-inverse of ¥ and © = @, then (A, %, 0) is
an n-angulated category.

3. ONE-SIDED n-SUSPENDED CATEGORIES

Let A be an additive category with an additive endofunctor ¥: A — Aand 2 CC
two additive subcategories of A. A morphism f: A — B with A, B € C is called
Z -monic if the induced morphism

Home(f, 27): Home(B, 27) — Home (A, Z7)
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is an epimorphism. An %2 -epic is defined dually. Recall that a morphism z);:
M — X,y is called a left 2 -approximation of M if z; is an 2 -monic and X, € Z .
Dually, a morphism x: Xy — N is called a right 2 -approximation of N if xy is
an 42 -epic and Xy € 2.

A right n-Y-sequence A; LN Asy LN As RENS I

A, ELN 3A; in A is called
a right n-C-sequence if Az, Ay,..., A, € C and f;11 is a weak cokernel of f; for
1=1,2,...,n— 1. Dually, we can define a left n-C-sequence.

Definition 3.1. A right n-suspended category is a triple (A, R,(C,%), Z),
where A is an additive category, ¥ is an endofunctor of A, 2" C C are two additive
subcategories of A and R,,(C,X) is a class of right n-C-sequences, which satisfies the
following axioms:

(RSN1) (i) The class R,(C,X) is closed under isomorphisms and direct sums.
(ii) For each object A € C, there exists a right n-C-sequence in R,,(C,X)

Tn—2 Tn—1

A-Ss Xy 22 Xy 2 2 X, 25 B BA,

where z is a left 2 -approximation of A and X5, X3,..., X, 1 € Z.

(i) If A 5 X5 22 X5 25 7% X, 75 A4, 5 TAis a right
n-C-sequence in R, (C,Y), where z is a left £ -approximation of A and
X9, X3,..., X1 € &, then for each morphism f: A — B in C, there
exists a right n-C-sequence in R, (C,X)

AMXg@Bng—m..aCn_l—>Cn—>2A.
(iv) For each morphism f: A — B in C, there exists a right n-C-sequence in
R,(C,Y)
L1
AY a0 B0 5024
(RSN2) For each commutative diagram of right n-C-sequences in R,,(C,X)

f1 f2 f3 frn—2 fn-1 fn

Ay Ay A3 e Ap1 Ap - YA
la laz J{az \Lanl lb lZa
B—" Xy 2 Xy T X, s 0" 5B

with Xo, X3,...,X,,_1 € 2, if a factors through f;, then b factors through

Tn—1-
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(RSN3) Each solid commutative diagram

fn— n
A, f1 Ay f2 As f3 o 1 A, f A,
| |
iwl l@z | ¥3 | ¥n l&pl
g1 g2 ¥ gs gn—1 \ 9n
Bl B2 Bg te Bn EBI

with rows in R,(C,X) can be completed to a morphism of right n-C-

sequence.
(RSN4) Given the solid part of the diagram

f f f f Fae fn fn
YL PR S PR A s S Iy S L )
| /| | /‘
P2 I3 Pa, |pa Pn—1| Yo, |en
v ;v \% ;Y
g g In— In— In
By 2 By — > B, 1 == B, —> %A
/ I | y |
|93 / | 04 Opn_11 , [ 6n 2f1
Y ¥ A Y ¥ \
hs h P — hn hn
Cs Cy—2> . 5 Oy > C, — > %A,

with commuting squares and with rows in R, (C,X), and where f, @5 are
Z -monic, the dotted morphisms exist such that each square commutes,

and the sequence

—fa 0 -fs 0 0
4] N )
AS ¥3 A4 @ B3 4 3 A5 ® B4 ® Cg 5 4 3
{—fa 0 0} [( )_fnl—l 0 0 :|
w6 —gs O )" $Pn—1 —Gn-2 0
05 h Py Op—2 hp_3
A @ Bs ® Cy e 05 ha - 1 2 3

[(*1)"“@" —gn-1 O ]
Un n—1 hn—2

An &® Bn—l SY Cn—2

On hp Y foohy
Bn @ Cn—l [ ] Cn f2 EAg

belongs to R, (C,%), where [ﬁ;

Dually, let A be an additive category with an additive endofunctor 2: A — A
and 2 C C two subcategories of A. We can define the notion of a left
n-suspended category (A, L, (C,Q), Z").

is an 4 -monic.

Remark 3.2. In Definition 3.1, when n = 3, it is just Definition 3.1 in [4].
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We now present constructions of one-sided n-suspended categories by (n—2)-exact
categories and one-sided n-angulated categories.

3.1. From (n — 2)-exact categories to one-sided n-suspended categories.
First, we present the first construction method of one-sided n-suspended categories
by (n — 2)-exact categories.

Proposition 3.3.

(1) Let (A,&) be an (n — 2)-exact category. Then (A, R,(A,0),A) is a right
n-suspended category, where R,(A,0) = {A; — Ay — A3 — ... A1 —
A, =0 A > Ay — A3 — .. A1 — A, €EF.

(2) Let (A,&) be an (n — 2)-exact category. Then (A, L,(A,0),A) is a left
n-suspended category, where L,(A,0) = {0 = 41 — As - A5 — ... 4,1 —
Ay |Ay = Ay > A3 — .. A, — A, €EY

(3) Let (A, &) be an (n — 2)-exact category with enough injectives .#. Then
(A, R,(A,0),.#) is a right n-suspended category, where R,(A,0) = {4 —
Ay > A3 — .. A1 > Ay >0 A =5 Ay > A3 — .. A1 — Ay € 8}

(4) Let (A,&) be an (n — 2)-exact category with enough projectives &. Then
(A, L,(A,0), 2) is a left n-suspended category, where L, (A,0) = {0 — A; —
As 5 A3 — .. A1 =2 Ay | A1 2 Ay — A3 — L A — A, €6

Proof. (1) By [3], Propositions 4.6 and 4.12, (RSN1) (i) is satisfied. Axioms
(RSN1) (ii), (iv) are trivial. Let

Tn—2

. Ty —
A Xy 2 X 2 2 X, 25 A, — 0

be a right n-A-sequence in R, (A,0), where z is a left 2 -approximation of A and
X5, X5,...,X,_1 € 2. Then there is a right n-A-sequence 4 —» X5 =2 X5 —2

Tn—2 Tn—1

— X,.1 — A, — 0. Let f: A— B be a morphism. Since

Tn—2 Tn—1

A5 Xy By Xy B X, 25 A,

is an admissible (n — 2)-exact sequence, by (E2) we get the pushout diagram of

(—z,za,...,2,—2) along f:

—x T2

A X2 X3 T3 . Tn—2 Xn71 Tn—1 An
NN
B g1 B2 g2 Bg g3 gn—2 anl gn—1 An
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By Proposition 4.8 (2) of [3], we know that the mapping cone of pushout diagram

5] |7 0] % o)
Y xeB Ml xieB P X eB

[fnfl gn—z]
_

o — X0 1D By—o B, 1

is an admissible (n — 2)-exact sequence. Thus, we have a right n-.A-sequence
in R,(A,0)

" —z2 0 —x3 0
L)@@BM)@,@BQM&@&—%”

...—)anl@Bn,QM-anlﬁo

(RSN3) is trivially satisfied. Next we show that (RSN2) holds.
For each commutative diagram of right n-.4-sequences

A, fi A, f2 As fs fr—2 A fn—1 A, 0
ia iag lag lanl lb
B 1 X2 T X3 xrs3 Tn—2 Xn_l Tn—1 O

with Xo, X3,...,X,,_1 € A, assume that a factors through fi, that is, there exists
a morphism ug: Ay — B such that a = wusfi. It follows that (as — zjus)fi =
asfi1 — x1a = 0. Since fy is a weak cokernel of fi, there exists a morphism wug:
Az — X5 such that ag—zus = ug fo. Thus, we have (a3 —x2us)fo = asfo—z2a2 = 0.
Since f3 is a weak cokernel of f5, there exists a morphism wuy: A4 — X3 such that
a3 — Touz = uy f3. Continuing this process, there exists a morphism w,: A, — X,_1
such that ap_1 — Tp_2un_1 = uUpfr_1. It follows that bf,_1 = z,_1ap_1 =
Tp1(Tp—2Un—1 — Upnf1) = Tp_1Upfn_1. Since f,_1 is an epimorphism, we have
b = xp_1uy,. This shows that b factors through x,,_;.
Next we show that (RSN4) holds. Let the solid part of the diagram

f2 f3 fa fr—2

A s 4, As Ay Ans A, 0
|-
A —2>By 2> py 2B, s B, LB, 0
5 |
Ay 2> B, he Cs ha Ciy ERG Cn—1 By Ch 0
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with commuting squares and with rows in R,(A,0), and fi, ¢2 being .A-monic,

be given. By the factorization property of weak cokernels, there exist morphisms

i+ A; = B; (i =3,4,...,n) such that we have the following commutative diagram

of (n — 2)-exact sequences:

f1 f2 f3

Ay Ao As An—1
| I
\Ltpz | ¥3 | Pn—1
A g1 B g2 Bv g3 gn—2 Bw In—1
1 2 3 e n—1
By [3], Proposition 4.8, we have that
[—fz} [—fs 0} [—f4 0}
A2 2 Ag@BQ%Azl@Bg%
|:_fn—1 0 i|
Pn-1 Gn-2 [Pn gn-1]

%An@Bn—l

Bn

is an (n — 2)-exact sequence. By the factorization property of weak cokernels there
exist morphisms ¢;: A; - C;—1 (i =4,5,...,n)and §,;: B; - C; (j =3,4,...,n)

such that the following diagram is commutative:

[*fz] [*fs 0} [*f4 0}
AQLA“}@BQ%AzL@Bg%
=[5 1]
E TR M Y
A2 $p2 A3 ® B2 ¥3 g2 A4 o Bg —¥4 g3
I
0 1] (4 0a]
A2 P2 B2 ha Cvg hs3
|:7fn71 0 :|
Pn—1 Gn-2 An @ Bn_l [Wn gn—l] Bn
=[]
|:(_1f)7;b;71W—1 gn0—2i| [(_1)n+1¢” (]n—l]
: ’ An @ anl : Bn
I |
[n 001) o
A \
b Cn,1 tnot Cn

12
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where the second row is an (n — 2)-exact sequence since it is isomorphic to the first
row. By [3], Proposition 4.8, we have that

(3.1)
—fz 0 —fa 0 0O
{*903 *92} { 4 —9g3 0}
0 1

—fs 0 0
b1 05 h {i"’ }gﬂ?]
As @ By Ay®Bs@ By — > A;®B, & Cs — ">
—fn-1 0 0
(-1)""on_1 —gn—2 0 [(71)”'*'2(,0" —gn-1 O }
n—1 On—2 hn-3 n On—1 hn—2

An S>) Bn—l S5 On—2

On hn
Bn ¥ Cn—l !) Cn

is an (n — 2)-exact sequence. The commutative diagram

—fa 0
[fz} Pa *993
A z A4@33L>A5EBB4@C3—>"'
pa —gs O

(5]
0 —-f3 0
[—4/73 —92]
0 1 Pa O3 ho

Ay@ By —2 L A @By By s Ay B DOy —————— -

i %]

100
[-10] [0192] —fa 0
[f?’} Y4 —g3
0
As i A4@33L>A5@B4@03
shows that

—fs 0 0
[ $5 —ga O :|
Vs 04 hg

—fa O
[_fg] [—1204 —Ogs]
A3$A4@B3%A5@B4@C@)

—fn-1 0 0
(71)n+1§0n—1 —gn-2 O

) 0 h [(—1)"“% —gn_1 O }
n—1 n—2 n—3

Pn On—1 hn_2

An ©® anl &b Cn72

0y hy—
Bn 5> On—l %‘ Cn

is a direct summand of (3.1), thus, it is an (n — 2)-exact sequence.

Finally, we claim that [ ;: Z} is an A-monic. Indeed, for any morphism u: Az — X
with X € A, since ¢ is an A-monic, there exists a morphism v: Bs — X such that
vy = ufe. It follows that vgy = vpsfi = ufofi=0. So there exists a morphism
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w: Bs — X such that v = wgy. Noting that (u — wys) fo = va — wgaa = 0, there

exists a morphism w’: A4y — X such that u—wey = w' f3 and then u = [w’ w] [iz ]

This shows that [ f; ;] is an A-monic.
(2) It is dual of (1).
(3) It is similar to (1).
(4) It is similar to (2). O

Next, we provide more general construction method by some special subcategories
of (n — 2)-exact categories.

Let C be an additive category and R,,(C, 0) the class of right (n—2)-exact sequences

A Doy LAy By A 0 e

The following lemma can be found in [6].

Lemma 3.4 ([6], Lemma 2.8). Let

f2

AT 4, Ay An_s A, 0
N
Al g1 32 g2 B3 gs gn—2 Bn—l In—1 Bn O

be a commutative diagram of right (n — 2)-exact sequences in C. Then

f2 f3 fn72 fnfl

A2 A3 An—l An
B2 g1 Bg 92 . 9n—2 Bn_l In—1 Bn

is an (n — 2)-pushout diagram, that is,

[52] (52 o] (45 gl

h h
A, ha AS @ B, 3 g2 A, & Bs 4 93
|:7Lf'rL—1 0 ]
n— n— hn gn—
R - - M Lo B 0

is a right (n — 2)-exact sequence in C.
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Proposition 3.5. Let 2" be an additive subcategory of C. Assume that the
following conditions hold:
(a) For each object A € C, there exists a sequence

Tn—2

A Xy 22 Xy B T X, 2 C—0
in R,,(C,0), where x is a left 2 -approximation of A and X2, X3,..., X,,_1 € 2.
(b) If A =5 Xy 22 X3 25 ... "F X1 &5 C — 0is in R,(C,0), where x is
a left Z -approximation of A and Xo,X3,...,X,_1 € &, then for each mor-
phism f: A — B in C, there exists a sequence

AMXQ@B+03—>...—>C,L,1—>CR—>O

in R,(C,0).
Then (C, R,(C,0), Z") is a right n-suspended category.

Proof. (RSN1) is trivially satisfied. (RSN2) is similar to the proof of Propo-
sition 3.3 (1). (RSN3) follows from the universal property of n-cokernels. (RSN4)
comes from Lemma 3.4 and the proof of Proposition 3.3 (1). O

Dually, let C be an additive category and L, (C,0) the class of left (n — 2)-exact
sequences

0 Ay 5 4y L2 a5 By g

in C. We have the following.

Proposition 3.6. Let 2" be an additive subcategory of C. Suppose the following
conditions hold:
(a) For each object A € C, there exists a sequence

050y, 2y, % Py, -5 4
in L,,(C,0), where y is a right 2 -approximation of A and Ys,Ys,...,Y,_1 € 2.
b)) IF0O - C 5 v, 2 vy 2 "% v, 1 % Aisin L,(C,0), where y
is a right Z -approximation of A and Ys,Ys,...,Y,_ 1 € X, then for each
morphism f: B — A in C, there exists a sequence

0—-Ci—>Cy—>C3— ... Ch_a—>BpY,_1 [M]A

in R, (C).
Then (C, L,(C,0), Z") is a left n-suspended category.
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Definition 3.7. Let (A, &) be an (n—2)-exact category and 2~ C C two additive
subcategories of A. The subcategory C is called a special 2 -monic closed subcategory
if it satisfies the following conditions:

(a) For each object A € C, there exists an admissible (n — 2)-exact sequence

Tn—2 Tn—1

ALXQ&X?,E) — X1 —)O,

where x is a left 2 -approximation of A, X5, X3,...,X,,_1 € 2 and C € C.

(b) If A = Xo 2 X3 2 % X, ; ™3 Cis an admissible (n — 2)-
exact sequence in C, where z is a left 2 -approximation of A and Xs, X3, ...,
X,_1 € Z, then for each morphism f: A — B in C, there exists an admissible
(n — 2)-exact sequence

AMX2EBB—>03—>...—>CH,1—>CW

where C3,Cy,...,C, € C.
Dually, we can define the notion of a special 2 -epic closed additive subcategory

of A.

Proposition 3.8. Let (A, &) be an (n—2)-exact category and 2" C C two additive
subcategories of A.
(1) If C is special 2 -monic closed, then (A, R,(C,0), 2") is a right n-angulated
category, where
R,L(C,O):{ALB%C;;*)...*)CTL%O:
ALsBoos .. 50 e andCy,...,C €C).
(2) If C is special Z -epic closed, then (A, L,(C,0), Z") is a left n-angulated cate-
gory, where
Ln(C,0)={0 =5 Cy = ... Cpy— B L5 A
Ci—...5Cho—sB-LsAc&andC,...,CoseC).

Proof. Using similar arguments as in the proof of Proposition 3.5, we can show
that statement (1) holds by using Proposition 4.8 of [3]. Statement (2) can be showed
dually. O

Remark 3.9. If one takes C = A and 2~ = A, then Proposition 3.8 is just
Propositions 3.3 (1) and 3.3 (2). If one takes C = A with enough injectives or projec-
tives and 2" = & or .#, then Proposition 3.8 is just Propositions 3.3 (3) and 3.3 (4).

16 Online first



3.2. From one-sided n-angulated categories to one-sided n-suspended
categories. In this section, we construct right n-suspended categories via right
n-angulated categories.

Definition 3.10. Let (A, X, ©) be a right n-angulated category and 2~ C C two
additive subcategories of A. The subcategory C is called special 2 -monic closed if
it satisfies the following conditions:

(a) For each object A € C, there exists a right n-angle

Tn—2

T -
ALXQ&Xg&...—)anl —;Cw—>2A7

where z is a left 2 -approximation of 4, X5, X3,...,X,,_1 € 2 and C € C.
(b) If A 55 Xy 22 X3 2% .. "F X1 &5 ¢ 2% S A is a right n-angle in C,
where z is a left 2 -approximation of A and X5, X3,...,X,_1 € 27, then for

each morphism f: A — B in C, there exists a right n-angle

AMXQ@B—>03—>...—>CH,1—>Cn—>2A,

where C3,Cy,...,C, € C.
(¢) F A -5 Xy 22 X3 25 R X, 1 ™5 ¢ 2% $A is a right n-angle, where
X5, X3,..., X1 € Z and C € C, then x,_1 is a weak kernel of x,,.
Dually, we can define the notion of a special Z -epic closed additive subcategory

of A.
Remark 3.11. Let (A,X,0) be a right n-angulated category. Clearly, A is

special Z -monic closed whenever 2" = 0.

Proposition 3.12. Let (A, X, ©) be a right n-angulated category and 2~ C C two
additive subcategories of A. If C is special 2 -monic closed, then (A, R,(C,%), Z")
is a right n-suspended category, where

Ro(CD)={ALB>Cs—...5C,>8A€O: Cs,...,C, €C).

Proof. (RSN1) is trivially satisfied.
(RSN2) For each commutative diagram of right n-C-sequences in R,,(C,X)

A1 fl A2 f2 A3 fa . fn—2 Anfl fnfl An fn ZAl
J{a laz \LGS» lanl \Lb lza
B T X2 T2 X3 T3 Tn—2 anl Tn—1 C Tn YB
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with Xo, X3,...,X,_1 € &, assume that a factors through f;, that is, there exists
a morphism w: As — B such that a = uf,. It follows that x,b = Yao f, =
Yuo(Xf;of,) = 0. Since z,_1 is a weak kernel of x,, there exists a morphism
v: A, — xp_1 such that b = x,,_1v. This shows that b factors through x,,_;.
(RSN3) follows from (RN3).
(RSN4) follows using similar arguments as in the proof of Proposition 3.3(1). O

Dually, we have the following.

Proposition 3.13. Let (A, ), ®) be a left n-angulated category and 2" C C two
additive subcategories of A. If C is special % -epic closed, then (A, L, (C,Q), Z") is
a left n-suspended category, where

La(C, Q) ={QB -+ Cy ...+ Cps—+B-13 Ac®: Cy,...,Chg €C}.

Consequently, by Remark 3.11, Propositions 3.12-3.13, we obtain the next result.

Corollary 3.14.
(1) If (A, X, ©) is a right n-angulated category, then (A, R,(A,X) = ©,0) is a right
n-suspended category.
(2) If (A,Q,®) is a left n-angulated category, then (A, L,(A,Q) = ®,0) is a left
n-suspended category.
Let (A,X,0) be an n-angulated category and 2  a subcategory of A. Recall

that 2 is called extension closed (see [5], Definition 3.6) if for each morphism z,,:
X, — XX with X3, X,, € 2, there exists an n-angle

X Xy I Xy B T X, T X, I X,
with Xg,Xg,...,Xn_l cZ.

Lemma 3.15. Let (A, X, 0) be an n-angulated category and 2" C C two additive
subcategories of A.
(1) IfC is extension closed and for any A € C, there exists a right n-angle

Tn—2

Tn— n
ALXQ%Xg&...%Xn_l —;Cz—>2A7

where x is a left 2 -approximation of A, Xo, X3,...,X,-1 € 2 and C € C,
then C is special 2 -monic closed.
(2) IfC is extension closed and for any A € C, there exists a right n-angle

4 x! T,
D s X, B XL 22X

n—1

x'/n,—l I/n
— A—" XD,

where x, is a right 2 -approximation of A, X}, X4,..., X}, 1€ 2 and D €C,
then C is special 2 -epic closed.
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Proof. (1) It suffices to show that Definition 3.10 (b) holds. Assume that A

Tn—2

Xy 22 X 28 22X, T oI Y Aisa right n-angle in C, where x is a left
Z -approximation of A and Xo, X3,...,X,,_1 € Z. Then there is a right n-angle

Tn—2 Tn—1

A5 Xy 2 X3 2 2 X, 1 2S5 08 Y Ain C.

dpi= O%n .
Let f: A — B be a morphism. For the morphism C’—Ef>EB with

B, C € C, since C is extension closed, there exists an n-angle

d d d dp
B =% Dy 22 Dy 23 28

dn— .
D, "3 ¢ 5B
with Dy, D3, ..., D,_1 € C. Consider the commutative diagram

xo —x T2 3 Tpn—2 —Tn-—1

o A Xo X3 Xn—1 C
| b |
E*lc do B d1 D2 d2 D3 d3 dn—2 Dn71 dn—l C
where 79 = (—1)"% "'z, and dy = (-1)"Y"'d,. By [2], Lemma 4.1, there exist
2,03, ...,pn_1 which give the commutative diagram of n-angles
Ty P A LI L NN S !
| I
H l/f vtpz V<P3 \ly‘pn—l H
dpn— dpn—
_10 do B d1 D2 d2 D3 d3 L 2 Dn_l 1

and the sequence

AMXQ@B%X{;@CQ—)...—)Xn,]_@Dn,Q—)anl—>2A

is an n-angle. We observe that Xs®Cs, ..., X, 1®Dy_o, D1 € C. This completes
the proof.
(2) It is the dual of (1). O

Example 3.16. Let (A, X, 0) be an n-angulated category and 2~ C C two addi-
tive subcategories of A. If (C,C) is an 2 -mutation pair in the sense of Definition 3.1
in [5], that is, for any object A € C or B € C, there exists an n-angle

AN Xy B2 Xy B TR X, TS B I R4,
where z is a left 2 -approximation of A and x,,_; is a right 2 -approximation of B,
X9, X3,..., X1 € 2. Moreover, if C is extension closed, by Lemma 3.15, then
we have that C is special Z -monic closed and C is special 2 -epic closed. Thus,
(A, R,(C,X), %) is a right n-suspended category and (A, L, (C,X71), 2) is a left
n-suspended category, where R, (C,%) and L, (C,X~!) are constructed in Proposi-
tions 3.12 and 3.13.
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4. FROM ONE-SIDED n-SUSPENDED CATEGORIES TO ONE-SIDED N-ANGULATED
CATEGORIES

In this section, we fix a right n-suspended category (A, R, (C,X), 2") and construct
the right n-angulated category on the quotient category C/Z .
In order to prove our main theorem of this section, we need to prepare as follows.

Lemma 4.1. Let

f1 f2 f3 frn—2 fr—1 fn

Ay As As A, A, YA,
lal laz ias \Lanl \Lan lEal
dn— dnf n
A & Xo &2 X3 LI > X,.1 —>B _ YA
be morphisms of right n-C-sequences, where Xo, X3,...,X,_1 € Z and f1 is an

2 -monic. If oy =0, then a,, = 0 in the quotient category C/Z .

Proof. By the condition a; = 0, there exist X € 27, z;: Ay — X and x3:
X — A such that a; = xox7. Since X € Z and f; is &£ -monic, there exists
x3: As — X such that z3f; = z;. It follows that a3 = xox7 = zox3f1, that
is, a1 factors through fi. By (RSN2), o, factors though d,,—1, which implies a;,, = 0.

O

dn T . d
Lemma 4.2. Let A -5 X, 2 x, % 22 x,  “Fy T v 4and A -2

ds d_ d_ d; . .
XL xn 5T xS Y % YA be right C-n-angles in Ry, (C, Y), where
Xo, X3y, Xp—1, X5, X%, ..., X! | € 2 and dy, d| are left 2 -approximations.
ThenY and Y’ are isomorphic in C/ Z .

Proof. Since dy, d} are left 2 -approximations, we have the following commu-

tative diagram:

A= Xy ey e X, Ty ey
NN
P T T BN VA L N S
[+, ] [
A & Xy dz X3 i Xn—1dn71 Y an A

By Lemma 4.1, we have %o% = Idy. Similarly, we can prove that %O% = Idy-.
Therefore, Y and Y’ are isomorphic in C/ % . O
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Let (A, R,(C,X),Z) be a right n-suspended category. For any object A € C,
by (RSN1) (ii), there exists a right n-C-sequence

A x, Boxg By xR e na,
in R,(C,%), where f; is a left 2 -approximation of A and X5, X3,..., X, € 2.
By Lemma 4.2, C' is unique up to isomorphism in the quotient category C/Z . So
for any A € C, we fix a right C-n-sequence as above.
For any morphism f € C(A4, B), there exist ¢; (¢ = 2,3,...,n — 1) and h which
make the following diagram commutative:

(4.1) Ay, Py, I P o B sy
J{f i‘” \LS"B l‘;@nl lh J/Ef
B 91 Xé g2 Xé g3 gn—2 X;L—l gn—-1 D 9n 231

We define a functor G: /2" — C/Z" as follows:
G: /X =C/Z, A=C, fwh

Proposition 4.3. G: C/ 2 — C/Z is an additive functor.

Proof. One can easily check that G satisfies the definition of the additive functor.
We only prove that G is well-defined. Now we assume f, f' € C(A4, B), f = f’. Then
we have the commutative diagram (4.1) and the following commutative diagram,
where the rows are right C-n-sequences:

A f1 X2 f2 X, f3 fn—2 X, frn-1 c fn $A,
l so; lwg iwhl ih' le’
B g1 XQ 92 Xé g3 o In—2 X;L71 9n—1 D 9n EBl
Since f — f' = f — f' =0, by Lemma 4.1, we have h — b’ = 0 and then h = A’. This
shows that G is well-defined. O
. f1 f2 f3 fn 1 fn
Construction 4.4. Assume that Ay — Ay — A3 — ... > — A, —5 YA,

is a right n-C-sequence in R, (C,Y), where f1 is an £ -monic. Thus, we have the
following commutative diagram:

A, f1 A, f2 As f3 fn—2 A, . fn-1 A, fn SA,
. b
A1 aq X2 a2 X3 as . On—2 Xn,1 On—1 GAl Qp ZAl
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Then we have the following n-G-sequence in the quotient category C/ % :

f1 f2 f3 fn—1
(4.2) Al T Ay e Ay e A, L GA,.

We define the standard right n-angles in C/ % as complexes which are isomorphic
0 (4.2). We use © to denote the class of standard right n-angles in C/ Z .

Dually, if (A, L,(C,Q), %) is a left n-suspended category, we can construct an
additive endofunctor H: C/% — C/% , and define the corresponding standard left
n-angles. We use @' to denote the class of standard left n-angles in C/% .

Lemma 4.5. Assume that we have a commutative diagram

f1 f2 f3 Jn—1 I

A Ay Ay A, SA
i@l l@z ltpzs J/wn lzwl
B, —%>B,>By - %>... g, "B

where the rows are right n-C-sequences in R, (C,X) and f1,g1 are £ -monic. Then
we have the commutative diagram

f f2 f3 fn-1 o

Al — Az — A3 An GAI

O e, e
g1 g2 g3 gn—1 Bn

B —2-pB,— 2. B, B, > GB,

where the rows are standard right n-angles in C/ % .

Proof. Consider the following commutative diagrams, where all three rows in
both diagrams are right n-C-sequences in R, (C,X), and Gy, = 0;:

P Ly L B T LR LN I L LI 5y
s [ b

Aty ey ey A B
P P PR M M
Bty Ty B ey e op o op
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and

A, f1 Ay f2 As f3 fn—2 A, fn-1 A, fn $A,

Bl g1 32 92 B3 g3 . 9n—2 Bn_l In—1 Bn 9n EBl
lﬂz lﬁ:& Bn—-1 Bn
d , o ,  ds dps o, dna dy,
B4 X5 X3 e X GB; YB:

Since ¢1 — ¢1 = 0, by Lemma 4.1, we have 6; o o, — 8, 0, = 0 and so 6; o o, =

Bn © pn. It follows that Gy, o i, = B, 0 9. Then the following diagram commutes:

ﬁ ﬁ f73 fn—l Qo
Ay Ay As A, GA;
=, 1, b =, =
g1 92 E] In—1 Bn
B -Z.B,-Z.p, ... = p = Gp

Now we prove our first main result in this section.

Theorem 4.6.
(1) If (A, R, (C,X), Z) is a right n-suspended category, then (C/ 2 ,G,©') is a right
n-angulated category:.
(2) If (A, L,(C,Q0), Z) is a left n-suspended category, then (C/% ,H,®’) is a left
n-angulated category.

Proof. (1) We will check the axioms of right n-angulated categories.

It is easy to see that the class of standard right n-angles ©' is closed under iso-
morphisms and direct sums. So (RN1)(a) is satisfied.

For any object A € C, the identity morphism of A is an 2 -monic. The commu-
tative diagram

7y Ry DU AN Ry P ) —— ]

Pl .

A" Xy e Xy T X T GA e v
shows that

A%A%O%...%O%GA

belongs to ©'. Thus (RN1)(b) is satisfied.
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For any morphism f: A — B in C, by (RSN1) (ii) and (RSN1) (iii), there exists
a right n-C-angle

x
AMXg@Bana...aCn_l—>On—>ZA,

where z is a left 2 -approximation of A. Noting that [fc] is an 2 -monic, the above
right n-C-sequence induces a standard right n-angle

AL B0 S0, 50, GA

Thus, (RN1) (c) is satisfied.

f f2 f3 fn-1 an,
(RN2) Let A —= Ay —> A3 ——> - ——= A, —> GA; be a standard

right n-angle in C/ 2.
For each object A; € C, by (RSN1)(ii), there exists a right n-C-sequence
in R,(C,X)

Ty — Tp—
A 25 Xy 22 X5 2 T X, 1 GA D DA,

where z is a left 2 -approximation of A and X5, X3,...,X,_1 € Z". Without loss
of generality, we assume that the right n-C-sequence in R, (C,X)

A1 [fl] X2@A2[z f2] A3 fd fn72 Anfl fn—l An fn ZAl
. , S f2 I3 fno1 an
induces the standard right n-angle A, Aq Az ‘e A, GA, ,

that is, there exists the commutative diagram

{;1} [z f2

(43) Al HXQ EBAZ ] A3 f3 L. fn72 Anfl fn—l An fn EAl
|, o
A —> X — > Xy —> o T X T GA - T4

of right n-C-sequences in R, (C,Y).
For the morphism f;: A; — Ay in C, by Definition 3.1 (iv), there exists an n-C-
sequence in R, (C,X)

L]

A1*>A1@A2[fl 71]A2 0... 0 0 YA
By (RSN1) (i), we have that
[g (1)} [z2 0] z3 Tp_2 Tn—1 VO/]
A1 A — Xo D Ay X3 e Xn-1 GA,; YA ¢ XA,
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is a right n-C-sequence in R, (C,Y). By (RSN4), we have the commutative diagram:

[ )

A14>A1@A2 0 0 0 YA,
I 1 |
l{zg] o3 ha|ea Pn—1 | ¢n/ | on
z v / v n v n / \V "L
A1 HXQ@AQ[g]A3%A4£> f4>2An 1f /1 E"41
1 I / | | / \

‘([fl} 103, | 04 On_11 , \971 Z|:f1:|

z 0 y 1

[ ] [z2 0] \Rg \ T4 Tp_—2 v }’171 1 [ }

Al@Ag XQ@A2‘> 3‘>X4‘>""> n1‘>GA1‘>EA1@EA2

of right n-C-sequences in R, (C,X) and

— [ ] [ o]
A2 Y3 2 AS 3 A4 @XS %
[_0'{;71711 m7'7,072:| [0 x 71] Y fioy
L A B X, — GA; - YA,

is a right n-C-sequence in R, (C,¥) with o being an 2 -monic. The commutative
diagram with rows being right n-C-sequences in R,,(C,X)

A ——= X, = X3 =
f1 LZ l v
—f3 fa
A, f2 Ag [ 03 ]A4€BX3 { 04 zs]
| |
:WQ :wg
’ v zI V x/
Ay —5—= X} 2 X} 2
. Tn—2 i Tn—1 GAl Yy EAI
0
[_fn,l o ] l[l] J/Efl
On—1 Tp_2 On Tp— S f101
A ® Xy 2l A, —ERY L wg,
| |
|wn_1 lwn
| |
J’I;L72 /w J;'lrz 1 \ y'
X, GA; YAy
implies that w, = G f1 and
—f2 —f3 —fa —fn1 On Wn
Ay As Ay ‘e A, GA; GA,
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is a standard right n-angle in C/2". The commutative diagram

—f —f —r —fn— On Gf
= Ay e A S A, — = > GA —— > GA,
f2 fa fa fro1 0, (—1)"GfH
Ag ce A i —— GAQ
shows that
f2 f3 fa fn-1 On (=D"GfL
Ag Az Ay A, GA; GA,

belongs to ©'. It remains to show that 6, = o,. Consider the commutative diagram

(4.4) Alng P L B e N T Ly S L )8
e ot e
X, — 2 s Xy s 2 x, T GA, SA,

and the commutative diagram (4.3). By Lemma 4.1, we have 6, = a,.
(RN3) Suppose that there exists a commutative diagram

fi f2 fs fn-1 an
(4.5) A As As . A, GA,
- -

g1 g2 g3 gn—1 Bn
By — 2> By 2 By s ... B, GB,

with rows standard right (n+2)-angles in C/2". By assumption, the equality hyo f1 =
g1 © hq holds, there exist morphisms u: A; — X and v: X — By with X € 2" such
that hs fi —g1h1 = vu. Since f; is an 2 -monic, there exists a morphism w: Ay — X
such that wf; = u. It follows that (he —vw)f1 = h1 fi — vu = g1hy. By (RSN3), we
have the commutative diagram

fl f2 f3 fn—l fn

(4.6) A A, As . A, YA
| |
i hl \L h2 —vw \ | \LEhl
g1 92 Y g3 9n—1 v 9n
Bl .82 B3 te Bn EBI

of right n-C-sequences in R,(C,%). By Lemma 4.5 and hy —wvw = hy, the di-
agram (4.5) can be completed to a morphism of right n-angles following from
diagram (4.6).

26 Online first



(RN4) Given the solid part of the diagram

fil B E E fn—2 fn 1
Ag Ag A4 R An 11— A H— GAl
|
|ﬂ
a Yo g3 2 gn—2 gn-—1 B
B Bs By B,y —— B, ——= G4,
I
V Y2 hg h3 h4 hn72 hnfl In V
Ay —> By ——=C3 ——=Cy —— -+~ Ch—1 Cp ——=GA,

with commuting squares and with rows in ©’, since @2 o fi = g1, there are two
morphisms u: A3 — X and v: X — By such that psf; — g1 = vu. Since g;:
Ay — Bs is an £ -monic, there exists a morphism w: Bs — X such that wg; = u.
Thus, p2f1 = (1 4+ vw)g. Note that g; = (1 +vw)g:. Thus, there is a standard
right n-angle

(1+vw)gy g2 g3 gn—1

/8"1
Ay B — Bs — cee ——> B, — GA; € ©.

By the construction of ©', we have a right n-C-sequence

A (I+vw)gy B, g2

gs In—1 9n

Bs : e B,

YA

By (RSN4), there exist the dotted morphisms such that the each square in

A, f1 A, fa As f3 Ay fa o fn—2 A, fno1 fn SA,
| /| |
l% | ¢3 Ya, | pa Pn—1 | wn/ | ©n
(1+vw W g3 /Y g In—2 \ gn—1/ 9n
=By —— -+ Bn1 =B D4,
/ ! ! /
103 , | 04 On-11 10n Zf1
‘V ¥ \ Y ¥ N
y ha h B B B
he C4 = o : Cn—l . Cn EAQ
commutes and the sequence
—fa O —fs 0 0
4] o) )
@ : v
A3—3>A4 By — 2t 2 A @B @Oy A By Cy
—f6 0 0 —fn-1 0 0
[ w6 —g5 0O :| |:(1)w"+1tpn—1 *egn_z , 0
05 h n—1 n—2 Nn-3
Ve : et An @ anl @ Cn72
[(7271@71, 76917,71 hO :|
n n— n— On hp— b hn
' : Bn ® Cnfl [ ! On fa0 EAS
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is a right n-C-sequence in R, (C,3) with [ i ﬂ being an 2 -monic. Thus, we have
the commutative square diagram

fi f2 I3 fa fn—2 fn—1 o
A1 A2 A3 A4 ce An—l —— An O GAl
[ /| | /1
P2 |P3 Y4, |pa On-1)| Yn, | on
g1 92 ¥ gs / Y g4 gn—2 \ gn-1/ ¥ ﬂi
Ay B, Bs By e Bn—1 —> B, —= GA;
L, o, \
f1 105, | 04 On-11 10, Gfi
02 he V¥ hg Y hy hn2 Y Fhoa Y o4,
Ay By Cs Cy e Cho1 ——=C, —= GA,

and the sequence

—fa O —fs 0 0
fs 1 —g3 5 —ga 0
L] Ya b ¥s 01 ha
As Aj® By ————> A5 © B, ® Cs Ag ® Bs ® Cy
—f6 0 0 —fn-1 0 0
@6 —gs 0 (=D on_1 —gn_2 0
Yo 05 ha Yn1 Onoz hn-s

An S¥) Bn—l 5> On—Z

(=1)"¢n —gn-1 0
|: Y On—1 hn72:| [ein hnfl} 2
—— Bn 2] Cn—l Cn, — GA?)

is a standard right n-angle in C/.2". It suffices to show that A = Gf5 o v,.
Consider the commutative diagram

A, P2 B, ha Cs hs
0 0
f2 —fa O [0} —fs 0 0
| AR CAEEY It ]
A343>A4@33#>A5@B4@C3 —
Pin— N
L O, — o34,
Jo»
[6r A1) c. % fa0h, 4,
of right n-C-sequences in R, (C,%). By Lemma 4.5, we have A = G f3 0 y,.
(2) It is the dual of (1). O

Remark 4.7. In Theorem 4.6, when n = 3, it is just Theorem 3.6 in [4].
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5. FROBENIUS n-PRILE CATEGORIES

In order to generalize the result of Theorem 5.5 in [4] to the version of n-angulated
categories, we introduce the notion of a Frobenius n-prile category, which extends
the notion of Frobenius prile category defined by Li, see [4].

Definition 5.1. Let (A, R,(C,X), Z") be a right n-suspended category and (A,
L,(C,Q), Z) aleft n-suspended category. The quadruple (A, L, (C,Q), R,(C,%), Z")
is called a Frobenius n-prile category if it satisfies the following conditions:

(a) (©,%) is an adjoint pair with ¢ as the adjunction isomorphism.
(b) If QA, 5 Ay L5 Ay 25 45 15 I AL is in L, (C,Q) with As, ..., A, €C,
then

f2 f3 fa N fn Ya,, A, (f1)

An YA

Ay As

As

isin R,(C,%). Conversely, if A; Iy Ay B oA B 4, I YA s
in R,(C,Y) with Ay,...,A,,_1 €C, then

-1
wAn,Al (g9n) g1

QA,, A Ay Ag — B o 0 g

is in L, (C, ).
(c) For each object A € C, x,—1 is a left 2 -approximation of A in the fixed right
n-C-sequence

A Xy 22 Xy By M X, 2 B yA,
where Xs,...,X,,_1 € 2 and 2] is a right 2 -approximation of C' in the fixed
left n-C-sequence

/

Yy’ z !, ! x! x,
04 L0 B Xy B XL S L IS XL S A,

n—1
where X},..., X! € Z.

Example 5.2.

(1) Let B be a Frobenius (n — 2)-exact category, and .# the subcategory of
projective-injective objects of B. Then (B, L, (B,0), R,,(B,0),.7) is a Frobenius
n-prile category, where L,(B,Q) and R,(B,X) are constructed in Proposi-
tion 3.8.

(2) Let A be an n-angulated category and 2~ a subcategory of C. If C is extension
closed and (C,C) is an 2 -mutation pair, then (A, L,(C,~~ 1), R,(C, %), Z") is
a Frobenius n-prile category, where L, (C,¥~!) and R,(C,YX) are constructed
in Example 3.16.
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Lemma 5.3. Let (A, L,(C,Q),R,(C,%),Z) be a Frobenius n-prile category.
FEach solid commutative diagram

a T2 T3 Tn—3 Tn—2 Tn—1 b
A Xo X3 E Xn—2 X1 B TA
[ [ [ | l
I f | w2 | 3 | pn—2 Pn—1 g I 3f
v ’ \ x4 v z, x! Y x! z! / \
a / 2 7 3 n—3 / n—2 / n—1 b
A X} X} ~ X!, X B’ A

with rows being right n-C-sequences in R,,(C,%) can be completed to a morphism of

right n-C-sequences in R, (C,X) .

Proof. Consider the commutative diagram

a T2 xrs3 Tn—3 Tn—2 Tn—1 b
A Xo X3 Xn—2 Xn-1 B YA
ivzn—l lg
, a ;T2 ;T3 T, g y T s , T,y , Y ,
A X2 X3 X 2 X 1 B YA

of right n-C-sequences in R,,(C, ). By assumption (b) of Definition 5.1, we have the

commutative diagram

wE}A(b) T2 T3 Tn—3 Tp—2 Tn—1
QOB A—2> X, X3 e X, o X1
| | | |
Q(g) I f | o2 | ¢3 | Pn—2 n_1 g
-1 ’ \ ’ ,
B/,A’(b )V ’ \ z! \ ! r;fg Ly _2 Tp—1
QB A== Xy —= Xy — X5 X5 B
of left n-C-sequences in L, (C,Y), where the existence of f, s, ..., @,_2 arises from

the dual statement of (RSN3).
We claim that X f ob = b'g. Indeed, by the naturality of 1/1,},1’14/ in B’, we have the

following commutative diagram:

-1

w ! /
Hom (B, SA') 5 Homu (QB', A)

| - |

B,A’

Hom 4(B,¥XA") — = Hom 4 (0B, A”)
It follows that for the morphism &': B’ — X A’, we have

Vgt (b) 0 Qg) = vl (Vg).
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In a similar way, by the naturality of ¢§1A in B, we have the following commutative
diagram:

1/) 1
Hom (B, $A) —> Hom 4 (B, A)

l(m ot i.f*

Hom (B, LA’) —% Hom 4 (QB, A")

It follows that for the morphism b: B — YA, we have

Vpla(Ef0b) = foppla(b).
Since
7/%/1,,4/(17/) oQ(g)=fo 7/’;;,1,4(17),
we have
Uila(t'g) = 5l (Sf 0 b)

and then ¥ f o b = b'g. Thus, we have the commutative diagram

T2 T3 Tn—3 Tn—2 Tn—1 b

A——>X, X3 Xn—2 Xn-1 B 2 A
[ [ [ \ |
I f | p2 | ¢3 | pn—2 \Lﬂonl lg | Sf
Y , Y / Y / r Y - : , Y
A —> Xj —> X} — e T A )L
with rows being right n-C-sequences in R, (C,X). O

Theorem 5.4. Let (A, L,(C,Q),R,(C,%), Z") be a Frobenius n-prile category.
Then the quotient category C/Z is an n-angulated category.

Proof. (1) By Theorem 4.6, we know that (C/ 2,5, ©’) is a right n-angulated
category. It suffices to show that G is an equivalence.

First, we prove that G is dense.

For any object A € C/Z, there exists a right n-C-sequence

Tn—2 Tn—1

PPN LN LN 3 i o LI 3/

where a is a left 2 -approximation of A and X5, X3,...,X,_1 € Z . By the defini-
tion of G and Lemma 4.2, we have C' ~ G(A). This shows that G is dense.
Second, we prove that G is full.
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For any morphism h: GA — GB in C/ %, since (A, L,(C,Q), R,(C,X), Z) is
a Frobenius n-prile category, there are two right n-C-sequences in R, (C,X):

frn—2 fn—1

JRELNG ' SUELNG S T L 3 Gl oy RELN )/}

where f,_; is a right 2 -approximation and Xs, X3,..., X, 1 € 2,

gn—-2 / In—1

91 ;92 L] In
B—X,—X;—...— X, , — GB— X¥B,

where g,—1 is a right 2 -approximation and X4, X5,..., X/ _; € 2. Thus, there
exists the commutative diagram of right n-C-sequences in R, (C, )

A f1 X, fa X, f3 frn—2 X,_, frn—1 GA fn A
L‘f lg)z iwg \L“Pnl lh iZf
B g1 Xé 92 Xé g3 . gn—2 X;,_l gn—1 GRB gn YB

where ¢,,_1 exists since g,_1 is a right 2 -approximation, f,¢1,...,@,_2 exist by
Lemma 5.3. It follows that h = Gf. This shows that G is full.

Finally, we prove that G is faithful.

Let f: A — B be a morphism in C. There exists the commutative diagram of
right n-C-sequences in R, (C,X)

Y e R L
b Lk
B g1 Xé g2 Xé gs .Hgn—z X»:I_l In—1 GB dn Y B

where f,,_1 and g,,_; are right 2 -approximations. Assume that Gf = h = 0. Then h
factors through some object in 2. Since g, _1 is a right 2 -approximation of GBj,
we have that h factors through g,—1. Since (A, L, (C,9), Z") be a left n-suspended
category, we know that f factors through f;. Therefore, f = 0. This shows that G
is faithful. O

Remark 5.5. In Theorem 5.4, when n = 3, it is just Theorem 5.5 in [4]. More-
over, under the situation of Example 5.2, one can reobtain Theorem 5.11 of [3] and
Theorem 3.7 of [5] by Theorem 5.4.

Acknowledgments. The authors would like to thank the referee for many helpful
suggestions.
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Abstract: For an integer $n\geq3$, we introduce a simultaneous generalization of $(n-2)$-
exact categories and $n$-angulated categories, referred to as one-sided $n$-suspended
categories. Notably, one-sided $n$-angulated categories are specific instances of this
structure. We establish a framework for transitioning from these generalized categories to
their $n$-angulated counterparts. Additionally, we present a method for constructing $n$-
angulated quotient categories from Frobenius $n$-prile categories. Our results unify and
extend the previous work of Jasso on $n$-exact categories, Lin on $(n+2)$-angulated
categories, and Li on one-sided suspended categories.
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Abstract

For an integer n > 3, we introduce a simultaneous generalization of (n - 2)-exact
categories and n-angulated categories, referred to as one-sided n-suspended categories.
Notably, one-sided n-angulated categories are specific instances of this structure. We
establish a framework for transitioning from these generalized categories to their n-
angulated counterparts. Additionally, we present a method for constructing n-angulated
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